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Time : 3 Howrs Alaximuen Marfs - 80

Note : Attempt Five questions in all, selecting one
question from each Unit. Q. No. 1
15 compulsory. All guestions carry equal

marks.

1. (@), Prove that union of two subspzces may
not be a subspace. 3
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(b) If u, v, W arc lincarl

(d)

(¢)
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-prove - Lhat the vectors -

y indcpcndcnl in

V(F), where T is any subficld of C, then

oy, v ook,

w + w arc also lincarly independent,

where C is the sct of complex numbers.
3

. 2
Show that the function T: R > R

defined by T(x, y) = (x —», x °F y) for

(x, y) € R? is bijective. 2

LetT un_d S be two linear transformation
from R3 — R2? defined by T(x, y, 2)
= (2x — 3}!,.7)1 + 22) and S(x, y, 2)
= (x — z, ). Find the formula for defining
the transformation 2S -+ 37T, 2
LetT:R3I— 1}3 be a lincar transformation
defined by T(x, y, )= (2x—y, x + )2, 22).
Find the characteristic and minimal

polynomial {or T with respect 1o standard

basis of R3. 5

—



() If the veetors 1wy = (I, 260

1y = (0, 1+, 1), 3= 2, 1-1 0 € &,
then find the norm of cach veetor 1. 2

- 2

(g) Definc Adjoint operalor.

Unit I

2. (a) DProve that a necessary and sufficient
condition for a non-empty subsct W of a

vector space V(IF) to be a subspace of V

is that W is closed under addition and

e saarmompientronsTT 5
| (b) Determine the basis and dimension ot
the subspace W gencrated by the vectors

(1, =1, 1), (8;:4,.2) (2, 2, 10): (B+ O =3)

of R3. Also extend this basis to get @

basis of R-. S

3. (a) If W, and W, are two subspaces ol a
finite dimensional vector space V(I), tien

prove that 8

dim (W, + W,) = dim W, -+ dim W,

— dim (W; n W,).
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(b) Examin

vectors 4 — O

(@)

(b)

(@)

th

(b)
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¢ whether the following se¢t of

Y3u V'3 y4) E R arc
subspaccs of RY ? 8
(i) Al u such that yy ¥ 2n = 9Y3-

(i) Allusuch thatyy +¥2 733 ryy = kA

fixed real number.

Unit I1

onal vector

8

Prove that cvery n-dimensi
space V(h) is jsomorphic 10 P | J—

IiT: 3 incar ransfonmation

defined by T(,
T(O, lv 0: 0) = (lf —1, 1)7 '1‘(01 03 ls 0}

= (1, 0, 0); T(0, 0, 0, 1) = (1, 0, 1)
verify that Rank T + Nullity T=4. 8
and Nullity

8

which

Siate and prove Rank

Theorem. a
Find~ a linear (ransformation
sransforms the vecelors (1,1, D. L L, -1),
(1,1,2)in rR3to (1, 1), (1, 1), (1, 0) sAR2.
8



Unit 1L

6. (1) LetT:R3— R bealincar transformation

defined by T(x, y» 2) = (2x + Y

=, 2y + 4z). Find the cigen- values and
ct to the standard
8

Jl —
cigen vectors with respe
basis of I7.

(b) Show that T : R3 — R3 dcfined by

T(x, 3, =) = (x cos 8 — sin 0, x sin 0
+ycos0,z)is non-singular for all values

of 0. 8

—_—_—

7. (a) TProve that the characteristic polynomial

and the minimal polynomial ol 2an
operator T have same irreducible factors.

8

(b) LetT: R3 — R be a linear transformation
definced by T(x, y, z) = Qy + z, x — 4y, 3x).

Find the matrix of T with respect to the
basis {(1, 1, 1), (1, 1, 0), (1, O, 0)}. Also
verify that [T, B][x, B] = [T(x), B] for all

uc R 8
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8. (a)
(b)
9. (a)
(b)
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Unit IV

Let v = (ag, Q.. a,) and v

(b, by b,) be arbitrary members of C".

Define <zu,v> =daby +a by +. a, 0.

Show that C” is an inner product spacc.
8

Using Gram-Schmidt orthogonalization

process, ~construct  an orthonormal

basis of V3(C), given the basis
H' = (1 =t is f‘l I)' ”2 = (2r = 2'{' 25 I)r

uy = (1 — iy 0= Deommms

Let a, B be two vectors in a complex inner
product space. Then show thata L fifand
only if || acc + BB |2 = [l ac|> + [ 6B |,
where a, b ¢ C are scalars. 8
Let T be a linear operator on an inner
product space V(F). Then prove that T°
exists and TT® = T°T — 1 if and only if

T is unitary. 8

6 1,670



