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e pro orties of @ vector space over R.

. yector space over the fielq
4Q o

s &Gﬂﬁ&& .—u.u.

R, + > forms an abelian group

= rational pumber and a real number i
s always 5

Solution- 1. We
1. Since Edmcnv%.
real number, : :
— qg.u=0u (by definition) € R.

- acQueR

Moreover the following u%v&.amm are w_wc satisfied :
o e, Al R |

(i) albu)=(ablu foralla,b € Q Pbm.:.m R

(i) alu+v)=0u+0? foralla c Qand u,v € R ,
(i) (o + b= au + bu forall &5 cQanducR

Hence RiS @ vector space over Q.
- Whichof the following subsets of R* are vector s /
atewise addition and scalar multiplication ? I Spaces

for co-ordin
The set of all vectors (x; %y» Xy x,) € Nw.m:a_n Rt
@ =0 ) x <0 e S
d x4=0 () %520 i

Solution. (@) Let V =(z,, %2, T3>

and
for some @ € R

'
/

“._.w Commutativity :
h i1 i ﬂ . ;
L _:,.cm:<_v¢.u..”r:._.3

\
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®) an ,.L?t.a»uau.a.u.u.mﬂ and Y] €0} Srmdln il -

Obviously Vis uoam vector space as identity “element does not existin V. E, Mlagein enitesgord
e Mow%mQ=§§=m< hbmam%maenmﬁmio.o.os.m<A RMAS_ ' Oh=ry M U. . UL S N
(e) Let V ..:n?au.a? x)ix; eR and x5 >0 : i
Owﬁosma.ﬁs not a vector space as identity element does not existin V., C wi ‘
(d) Proceed asin part (i) __
() Let V= {(x;,%g,%3,%4): % € Rand x,* 2 0) ]
V satisfies all the condition for a vector space (Please try %oE.mmS
Hence V is a vector space:

F0.5,) €V, there exist

MG (S

~%;) €V such that .

3

O Let V=1{(x;,%9,%3,%,): k.mﬁgawa_+wnuto_ v : i) (a ,. ‘ allg beR et _ 1 t

Obviously V=0 = T (e = , [(=3240eWV 1
(I) Properties of Addition : SRR i _
Let u= AHTPN..&u. Xy U =Yy, ¥ou Y3, Wa)s W= Amﬂ.Nn.Nu“N»vm/w be

arbitrary  rncten i o i e j
Then  2x; +3x5 =0,2y; +3y;=0,22 +32, =0

(i) Associativity: B s

u+v+w)= Aau.um.am.a.viqw. .e.u.u._.

Qm..

)4+(z,

29,23, 24 yv,

TR T
= ((xy, %5, 23, ) + (3 21,29,23,24)

1?+E+S.;< ot
..:fl s e AT
u+v+w)= A=+cv+E. :

(z1) Commutativity :

' ‘4_ Viond
w+v=(xy, x5, X3, x4 ) +

LR SR
A
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LY —————1%59 AND sugsp :
] n s - ’ACES !
1. Properties of maw_s..g:_a%:a:ze Vo : ‘ o ey
T T ¢ w.m—:m—ﬂawﬂﬁcmmﬂ , : . - mﬁﬂ.ﬂnﬁ AT i ER T , '
Ms.v H.w,s:; AMME for all ue R* anda:b € R . : EEEALL I H et s E
ﬁcm.va&: +v)=au +av for allu,ve R" andacR = : _ Sy S A o s Sty S. .ww.u e SR
e : b *, rall ﬁmmw.a gmﬁ.vmﬂﬂ | &m.w, pl ik .,...w.v+,0.h>+w+ R YR
+ bu 10 ; L) oasaﬁgﬂﬂ / ,« s S ;
' ) | 4G : “. I . ¥ ,:w "

(viii) (a'+b)u =ak ce are satisfied and hence R" is

Thus all the conditions for a vector spa
"a vector space over LT AR At HEs AR

Example 7 ve that the set of all Ewe..ma@m of the form ~
ﬁ x J. e ny < C s vector space over C with respect to E ]

-y % gl 22w i % o

matrix addition and scalar multiplication. . ;

Solution. Let z.u:_ o L ot ol e _

-y X AL ML

—m. >l - .H.H Lt s it Nea
|QH X Hw < 04
o 1% B0 L LA EERAR S CL (

ﬁ B u;.w.uﬁ o &émg.gﬁvg aysile o e

then >».muﬁ gl .&n.@ eM i
lQ~ +b—wv .H~+.R» s ._ Luh..,, s

Moreover, if >uﬁ * ,u.,

O i ] eV =
g =1 ,‘nk ay | m HQ.H:..,._ » _w_m I mmwit. .
=y, axl | i e Huh“” i

i Thus, scalar multiplication is. mwmn..mw
M. , il
L Properties of Addition
(i) Associativity Wi
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1.10
= i 8;.,. W % Gy H_ —agA+aB
Ll e -ay; axz
(viii) Similarly, (a +b) A = aA +bA foralla,be Cand A e M.
Thus M satisfies all the properties for a vector space and hence Misa
vector space over C.

Example 8. Prove that the set of w: d
R, is a veclor space with respect to matri

Enonu_ matrices over
x addition and scalar

multiplication. :
Solution. Let M = (A: A is a diagonal matrix of order n x n}.
Since sum of two diagonal matrices of the same order is also a diagonal
matrix of the same order, therefore M is closed with respect to addition.
Also, if A € M and A€ R be arbitrary, then 2A € M
which shows that M is closed with respect to scalar B:.Eu__nmsg.
i -#.c_umﬁ-mm of Addition :
<M, +> forms an abelian group (verify %oE.m&O
1I. Properties of Scalar Ec—zﬁ:nwo_ob H :
@ 1LA=Afor m_;mzma:m: o 2= M Ao
(@) albA)= E@::Q all a,becRand A e E
(iit) a(A+ B)=aA + cm foralla e Rand A,Be M e SOV
(iv) (@ +b)A=aA +bAforalla,beRand A e M.

Hence M is a vector space over R.

Es%a 9. Let V= :_P s ia, v eR} Ea.m = w. m_ss.?%

as in each one of the _.o:cé_um cases :
) E,Sip&la;f&_np@.

(i) (a,b)+(c,d)=(0,b+d);alab

(i) (@, b) + (¢, d) =(a + ¢, b +d) mn? b
Solution. The given mon.mm,. 3 .
V= V=igb:

(i) Let u=(a,b)eV
1l =(0, b) u,: i
q.vnm‘fmuo».wﬁnacn ac ' f i

G: Since ther 1 orer

gou =

smﬂ.dx“mmwnmmsze.mﬁmﬁnmm _ -:
Thus V is not a vector space over mn
(tii)s Let, bt Sl RO 6.8 .\m_..c. N_ v
. (@+Blu = (@t pla,b), wherea,p c R (by definition]
: (0@, b) + (Ba, b) = (@ + P)a, 2b)

&

(o +E= # au + Pu
mmnon Visnot a vector space over R




=2 g VECTOR 5PACES AND SUBSPACES _ fet
= alxy +y; - %) +(xg +yp g) = i A Example 3. (a) Let V = R"= ((x, y, 2) : i3y #' R'Bhow that the
and al2x; + 3y, - - )+ (2xy +3¥3 ~23) = =0 ?:eimnn subsets of V | are .Ern_uunnu of V.
=5 (ax, +x3)+(ay, + y5) - (a2 +23)=0 ; : @) W={(x,y2:5x- mvi.hu o Xy Yy nmmc | .
and 2 (ax, + x;)+ 3 (ay, +y;)- (a2, +22) = grdl - 1 o @) W={(x,2y,32):x,5,2¢R) . MD.U.2000)
- o e tue W _ (iti) W = {(a, x, x): x € R} 0 .. o

(iv) W={(xy,2):x, ?ém&n

.dw , Wi ace of V.
i (b) Let Vbe the.

(i) Here iizufkw.kuv X+ Xy No ap.au.nu ,
" Since W is not closed with respect to scalar multiplication.

Ao

R & _ﬁ Al polynomials in

W is not a subspace of V
Notethat, u=(3,-2,1)eW" . A
and for a=-1, : ‘ i
Clan=-1(3,-2,1) S ; . i 0
=(C3,2-DeW _,.-fm_u,._fs ,_
(tv) Here W = :R_.H».puv %%, =03 Ru.u».numuw_ e : ‘__
W is not a subspace of V, mmﬁ_mucan_omonqﬂmuamb@ooggnsﬁmn&ﬁcb L :
eg. ©=(1,0,2), v=00,1,2 e W =
. whereas u+v=(1,1,4) ¢ W,

Example 2. Let V be a vector space over N« Examine irsnum-.
the following are sub-spaces of V or not : :

@) W={(x,y2):x, Q.wa.wu.wun+un+n R:
(i) W={((x,y,2z): x20,x,5,ze R} :
Solution. (i) Here W ={(z, y, NV“..R. 3 :
Let u=(x,v,2) W such that afw e
Take a =2€e¢ R 5
au =2(x,y,2)= (2%, 2y, 22) ¢

[ (2007 +(29)% +(22)°
= W is not closed with re

ot s..m.mu

(ii) Here W ={(
Note that' 4« is
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4 itk : | ‘ ‘ g R e dr A T P
(iv) Proceed asin above part (¢ 3 is zero) : " (i) Let W=1{f:feV andfiscontinuous} M
v . W = (F(x) 2 coeff.of ¥ B el e i -
() (i) Here W =1{f( soeW, 3 . i /e b S
Foranyw,veW = ¢ sero socoeff-of X" inu +vis 2erg | af + g is also a continuous function and s

8y andvare
-+ coeff of x> in ¥

[+ Swm of two continuous functions is again a continuous
aue W

function and product of a continuous ?Ez.an by.a .E&
andanyu e WoacQ = V. ! number is also a continuous function].
Thus W is a subspace 0 the vector space of all n-square matrices
4 in part (i). : e S . V2
(ii) Proceed as in p 4 _Einxavug i ‘ On : ubspa
(iii) Here %le , [ f@=x-3ecw
Obviously 5

Let  fl), g eW = E)s pis rel R

f(3) =0 and g(3)=0 _

.. . . E . ' i , [
= f(x) éﬁ.m.m: S8, f+e =@ +g©3)=0 +0=9]

Alsoifa € Q, then 9

ot B iy

afx) e W [wAtx=3,af(x)=a0=q 3
Wiis a subspace of V. o ,
(lv) Here W ={f(x):f(1)=0, f(5)=0] |
Let f(x), gx) e W . r
: £1)=0=F£(5);
aod g(1) =0=¢(5) 5 5
= f)+gx) e W [ Atx=1or x=5,f(x)
Also, if a € Q, then : Tal
af(x) e W
W is a subspace of V.

Example 4. If V is vector %&o 0
real variable defined on [0, 1], s]
are sub-spaces :
(@ all even functions
(i) all continuous functions
Solution. (;) Let W= (

Ifife € W, then :
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if “..\L. Lot A= Tp J , B= ﬁuu cu_ e W bearbitrary.

D\S +\~n.

Whera n___unn.\+NuanHaﬁcw+cno. if i#J 0 0 (U]

If a € R, nrms n>+w D—H oT.TM mﬁ

= le;l is a scalar matrix. 00 ; :
= aA+BeW
ax; +x, 0
Hence W is a subspace of V. 5 .uﬁ igrey Q,H_ & W )
= (A:Ai mmetric matrix PRSI P ) . B
(iit) Let W = _e..“,. Alsasy Thus, W is a subspace of V. : . : y
Let AB'e ;
ph P _ Example 7. Show that W u,:h. y):ax+by = e a..u.mw_. where a,

b are fixed real numbers, i is r _w.._uuﬂwoo of H_- Ry T
.m&.&:.a. i@.ﬁi =(x, )i ax + 8. = o_ Xy m.w  where a, b are fixed

_T-

Now if ae R, then
(aA+B) =aA’+ B
=aA+BeW
Hence, W is a subspace of V.

(tv) W is not a subspace of V
Note that sum of two singular matrices need not be a singular matrix,

m.m..,». u: S mzaw uTc : ﬁmvoEmEmEE.Emnlnmmgu

:E:.m:_s.».,mu ﬁ “ 2 E:onwasm&wnamﬁn.

=0, if m.ﬁ.\..he.,mmw»_v@.ﬂwmﬁow&.hwoﬁa___ _

W) Let: W ={la;),m: 0
matrices. .
Let A =la;l, B=[b;le W y -
If aeR, then " S n
aA+B=dlayl+b;] =laa; + F...,_.,ﬁ d
=[e;] where Cy =aa;
But a; =0, viftney

and GC HO. if w.u...&

¢y = a(0)+0,) i i g

=0 AT

Thusa A+ Bis a diagonal
Hence, W is a subspace o
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1,18

T T R 1«.[3 ﬂ.a S e W+ W, 5
- .<ﬁl€?+ i b ‘ 4 - P S S
and show e Y

. um of twoe subspaces Veolor & at Now, _2 w e ¢.<,_ ) E».

Example 1. Define linear ms_ao a subspace of the ace pedlog wew ik Vo W )
linear sum of two subspaces is Lo w=(x0eW and w=(0,yeW,
V(F). aﬁw_.m?.o mccmumocmo;éagw U , FSIS‘S
02:22-.50:-:355 K.E usw .U _
U

£ 0 umn,o_
and W, as x=0,
space VIF), then we define the linear sum o w,\ } - cw=(0,0)
; N ¢ W, and w; € om. :um_uﬁ o, Thus, W Jin = (0} " -
W, E be 3 s_uv_Eomn of a vector space V(F) 1 | V=W aW S
Let W, and W two s ) v ,
be e Hnear woik i W, and W, W.. Then by definition - , Example 3. Le!
Let & v be any two elements of Wy + Wy e Wh s _ i W, =

W=wy 1y for some w; € Wy, 103 o

€' AL |

and v=w"+wy, where Eu msn,sw B . #
Now,for a, b eF, . .

. Consider. au + bv =a (wy+ wy) +b (w; +ws?)

= (auw, +bw, ) + (aw, +oEu v.
Since W, and W, are subspaces of V, ,
aw, +bw, €W, and aio, +bw; m...adw i N :
® Thus au +bv =(aw, +v§.v+ﬁ§ +mEuJ m‘ﬁmw.+ sw P .H_m.u
ble, au +bv € W+ W, 1k sistatia, e

-_..,_,
Hence, W, + W, is a subspace of Smﬁ

o Bt e

Example 2. In the esnncﬂmﬁnnm V=R?
and W, = [(0,x) : x € R}. Prove that W. W, ', are.
show that V = W, & W,.

Solution. Let W, =l 0):xeR)
and W, =1(0,x):xeR)
Let .= (z,0) and sﬂ&.sm ,
fo.p.eRr En:n:.e

-
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™ | * U_Zaimgf,iavlzpo+n~x+aua»+ Dby + b x+byx?+ )
Now ﬁ siiTm A'+A)=P | +§+:+num+ g
i i , = lag+bg) +(ay + b)) x +ay +by) 22 + .)
= Pis &8..83202 A . e 8 oy iy
Pre - Ry o+ :
: ol Q = l@g+by)+cgl +lla, +b)) +cjlx + @y +0,) +eplx? + ..
i ' —A)=-— :
s D~HTL>|>L =y g .,Eo+8o+n.,oz+—3.+@ +3W+F~+Gn+nuza +E
i : ddition is associative in
= Qis mwmikw\ﬂacwn:a . i : | .W#A&w.}m i
A5 € : . s b i
Th A=P .M @ where P € én. @ = Sw i W, St I.C_YF_ :E—@Lx AL ..E._..:..ﬁm___ _.ﬁ«ﬂ@%* =2 .
us, = f PRI , | i b |
= V=W + W, . SRR T mwﬂﬁ% b, ,, 3 2 :
&L 2 4 ., T - : , :
Let B be any n x n matrix over a field R. 3 STt AT ,, 7+ Dty .
Then B Wy N W,
= BeW, and Be W, : . |
= B'=B and B'=-B A I _
U m e m ‘ K 3
=2 2B =0, whereQisan xn E.E matrix _ o
= w"O .y ‘. :.._.“.p. [
Thus, W, n W, ={0) : . |
Hence V=W ew, ’ . o i

/. MISCELLANEOUSEXERCISE 7/ :

Example 1. Let V={ f(x): f(x)isa ﬂcuuiaﬁmn_ch
anon-negative integer) or f(x) is a zero vo&ﬁo::u: Sho
a vector space under addition wua_mun_hﬂ .B
polynomials. L

Solution. Let R be a field and V = _\.,03
<nor f(x)is a zero polynomial}. .

Let f)= Qy + A X+,
and &x) =by+bx+ ...
where both £ (x) and g(x) are either zero

i

Now, we define mm&zg ga.,moaﬁ. Bu&
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Similarly, (-f@)+fx)=0 .\ET\QV Letu,v € V . \ _
flx)+ T).,,.uuc_u... T:.e: Then u +v = (ay + b V2 + ¢, ¥3) + (ay +b,V2 +e3Y3)
0 : - Itiplica W, _
L. Properties of Scalar MulGip = (ay +ay) + (b +8) V2 + (e, +e)¥B € V
() For fe V and 1€ R, we have L
x) 1 ay, 85,6, b5, ¢;,00€ @ =@, +ay, by +byc;+c,€Ql
A.f)x)=1.f& Fora ¢ Q and u e V, Sowuﬁw o .

f=ififo : s T

(vi) For fe Vanda, b € R, wehave

[(@b)f] (x) = (ab) f (x) ‘
Aty N Now, let us E,oﬁw all the axior

i

(o)

ralBtd) L vqcm.wnsmu Om,}n&ﬂan / _
=a [(bf)(x)] | : : >
= [a (bf (=) £ { 7 Oyis

(ab) f= albf). ; | :

1 mf.._ .L 1 q.wf

b

(vzt) For f, g € V and a € R, we have Y :
la (f+@)lx = al( f+2) )] = alf )+ gx)] ‘ At Y ad]
=af(x)+agl)
=(af)(x)+ (ag) (x).
=laf +ag)(x) ,
QQ“,.,w;uEfpm 4y i
(zzi) For f e V and a, b € R, we have
[l@ +8)f] (x)=(a +6)f(x)
=a f(x)+bf () Ll
=(af)(x) + (bf Xx)
=(af + bf ) (x) |
(a+b)f=af +bf.

Thus V satisfies all the L e IS
properties of vecto
vector space over R, ekt

Example 2. Let v - {a+b2 @

vector space under additi n
numbers, . _
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a\m+nm\\v+8+o %5 _,
a\m.+ﬁn+o.v

"

(a+d
~Q+OV+~&+QV
n+ez\m+na\mni

HO+O_,\M +O&\‘V+A

Now, u+0

1\1 + &»\J% R,Sn._‘.?,\ma._&&wu
ﬂ$ e =y J

aégm,,%\wv , , " (wiii) For

Also 0+u = . : i |
uaé:cé,\m:?iﬁ | i .,64@ - =
na+oa\w.+n.m\|n: \ ,, ik 3

< i A

v w+0 =u=0+uforalue J | R

= 0=0+0+2+0¥3is gmm&_géagsﬁ%_:‘\ | | AR %,u

(tv) Existence of inverse. , , !

Let u = a+b2+c¥3,00,biceQ ; _

Then —u n.|3+TEJ\m+T&Qw..m< il 8,7 0y Cle Q] _

_a+w¢\m+am\w_+xlnv+ﬁl$,\m+fSm\@ , #A _
la+(a)+fb+(=BN2 %ié% | |

0:0v2+033=0 T 3
:l&ixS,\mil\.T\l_la+v»@+ma\l_ o

{l—a) + al+[(- b) + B2 + [(- ) + c] 3]
= 0+042+093=0

u+(—u) =0=0Cu)%

Now, u +(-u)

]

I

and (—u)+u

I

= ~4=(-a)+(=b)V2 +(- c)¥3 is the additive inverse of & in V.
II. Properties of scalar multiplication.

(W) ForueV,1¢ Q, we have I ; h,‘

Lia+bv2 +c¥B) Resbilmani s AR

H.t“
1+ (L.8) Vo (13
\ frf, g paha s B E
=a+bV2 1c¥3-y :
l.u=uforallycy L o

(vii) Foru,p e v and o € Q, we haye

olu+y) = alla; + by

= alle, +ni+§+@&_
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o _ Similarly i the case of skaw symmetrie matrices ﬁﬁ.aw ;
For exaniple, | _ (1) Last. VIR) be the vector space of upper triangular matrices,
Let ) = 8y, v e 10,1 tons defined on (0, 1] anc W Lot CTAB e VIR

Cnotions d
= fis a real valued continuous funcd i o A = ru.t_axa and B= m&t-axa
T: 3| .:- 2= feV ﬁ Thenay,b,e¢ R and an‘an,.&eweuﬁmvx

§ 3/ _J R , Now A+vB =lay+bJ,, .

Let Bx)=2 x ¢ _O.: N J9 | j._mub &Q*vﬂ .Q*Q ‘Q?MV\
nf0, 1)and &{3 )= _ j¥byeR

s .._. d \f o'
sus functions defined 0 and i Q%..@Q & uw E
= gisarveal valued continueus it WL u i

el onon [0, 1] Consider. | . uA =
Now, /' + g is also a real valued continuous function on [

tinnous functions is whoto gﬁ . m«
[ sum of two real valued conti s re
again a real valued continuous : ._

[(2) 2) . 4. (f :ﬁﬁ u
But f + .m,uilw ~.ww\ hwg 24+ 2=
/. & € V does not imply /' + geV.
Hence, V is not a vector space over R.

Example 4. Which of the following sets form vector spaces over
reals ? If not, why ?

@) All n-rowed symmetric (skew-symmetric) matrices over C.

(1) All upper (lower) triangular matrices of order n L R.

Solution. Let V(C) be the vector space of symmetric matrices
over C. 8 .

Let A B ¢ /:O.w
then =leg,,, and B= byl xn

Also a; mO.vngNau ntln&.@eum&r

Now A+B n_n._.@@e‘_ .

L o

where a + b,€C and ay+b;=a, +b, 1y

-~ A + B is a symmetric matrix overC. /.. legy

Consider oA = _gc*: «n fOr o m e _
where

oa; € C and g&lgh (o
g.mmmggnﬂnsdwﬂ :
Vis closed under _
All other properties |
Hence, <Em¢i 0
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= , o irioes A for which A¥=A VECTOR SPACES AND SUBSPACES —
(:4) Let W be the sot of all @ . (e i #y uc«n_.a.‘a_. T
oo .
Then . X , e W = (uay, oag,00) e W [ o6 R = o,
e rre oll2 :F T cw w Hence, W is a aubspace of B2,
Bul o | 2 0w Lan Az‘ ollo 2| [0 2/] () Let tx,y,2) «¢ W suchthaty + 4z =0 o
Ad = = N E P4 J L < d
L2 T 4 Letu,ve W then, u =(u,bye;) and v=(ay b, ¢, such
‘ 2% by+de, =0 and by+4e,=0
* Wi not a subspace of \ . - ! :
Example space over R% Examine whether Now, U= =(ayb, e)~(ay b, c,) such that
- § ‘ector s
P e Y MR e spa (b, = by) + e, = y) = (b, + 4ep)~ By + ey
the following are sub-spaces of V or not : k
wo &ne
@) Weitxxsiixed) o u-veW : 3
() Wefle v 2):x<0) Also, o b ey = ala, p‘&.nf.&\ﬂﬁ
W W=t m2):x>y>2) such that ab; + dac, i%&ﬁ%
o) Wellx w2lixey=z2) : aue W
€) Weflx . z):v+d2=0) Hence W is
o) Wellx w 2):x=y-zand 2r + 3y -2 =0} ;
Solution. (i) Let(z, v, 2) ¢ W wherex ¢ Z
. zwmu.zuan
.ﬁ\ﬂwﬂ Q = d.m E=3 w. Snmb mﬂgg
®x, v, 2) = lax, oy, az) -
= _awh,/,.lw.u..a.WN‘&?. [~ =xeZbut J\WRmNu

- Wis not closed w.rt scalar multiplication.
Hence, W is not 2 subs pace of BS.
{2 ) Lot X, ¥.2) €W where <0
Let o=-6«<R then

X, ¥, 2) =dax, ay, az) i
= (- 6z, — 6y, ~ 62) g W [“x20=-6x20]
1 £ T . &
W is not closed w.rt scalar multiplication. | L
¢ 4

Hence, W is not 2 subspace of RS, ;
e v ¢t p =of B ..<t.<u._L~_|
(4] Let x.v,2z) €W, where x2yzz - gl

let a=-1¢R then olz ¥, 2)etoz, ay, az) 10 o dne el

=%, ~y,=2) eWlrz2y2; ;

- Wis not closed w.r . sealar multiplication,
Hence, W is not a subspace of R®,

(iv) Let Q.?«» eWw a&u&dﬁ
Let ...bnskhﬁ
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Solution. (i) Given'W = [(m, m, s m)

Clearly ' (2,2,2,2) '€ W(as2¢eR)

= Wis :c:.mEvQ subset of R*

Let “ig ¢ q@eWigeR
=\riryryr)eW:ire R

Fora € R, we have
N 0., 4, D FaE)

= (aq, ag, ag, ag) + (r,r,r,7)
yr,ag+r)E W

=(ag +r,aq + 7,24
[ Q.Q.ﬂmxug+ﬁmm~_

Hence W is a subspace of R%.

(i) Let (m, n, m,n) € W wherem, n € Z

amwmenw eR,m=3 and n=2¢Z
, 2
1 3232 ...lmN_
Then a(m, n, m,n) = wa, 2,3, mvuﬁw. 333 ¢ W 3

. W is not closed under scalar multiplication.

Hence W is not a subspace of R

Example 9.Examine whether the following set of vectors
= (¥, Xy, .oy X,) € R" are subspaces of R"(n 2 3) ?

(i) All u such that x, <0

(it) All u such that x; x,=0

(¢ii) All u such that v eQ

(iv) All u such that x,
() All % such that x| + 2v, = 3x, ary .”

(vi) All u such that x, + a.m+ o kX = A, a fixed -.ow,w.

=% 2 A Srar=ly

Solution. (i) LetW = [u = (xy, %y, b ity v € ﬁ: and x,

[foeR then, aw =alx,, x,, ;:...:ﬁ.r =y r«_b
Choose a = - 3'such that f.w_.t.n ) __ =

wherex;, y; € Q.

VECTOR.SPACES AND SUBSPACES _1.31
(it) Let =fuiz ﬂf u? e e _ﬂa and x, p..m =0}
Let v'=(1,0,0,......,0)'€ R? sand= (1) €0)=00 7 /b

w =(0,1,0, ....;0) e R" and (0)(1)=0. |
Now wv+w =(1,0,0, .....,0)+ (0, 1, 0, .......,0)
(1,1,0, ...,0) 8 W D =140)
= W is'not closed w.r.t. addition. a Sl e B

Hence W is not a m:d%mom of R". Figit 3
(iii) Let = =, x5, aw_m.q: ; s€Q
H\mﬁ u= A“h- Hﬁu Hu& 24 GWW_M, Qw,v_w::.;‘ n

.h_.ﬂ _.ﬂ -ﬂ‘.__CH-..W ﬂg?.. ﬂ_ h. ﬁL g !
Now fora & R, ioﬁu_w% a«uﬁiﬁwﬂi
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: VECTOR SUACES AND SUBSPACES 1.33
1.32
vie W i P e 2
aw's v e Wiora e R and & U und #lx) = .MMV “Hna +“m$
- But (x v Bt o vy 2 d @
Hence W is a subspace of R™. g, ddtg i &, =dq flx)» jtx) = 3¢
_ - ) & R* e [ It is not a polynomial of degree 5)
() Let W= fu=lx; Xpn~ i ;
fixed real). Hence W in not a subsapace of V.
Case L When 3= 0 (i) Lot W = ([(x); degree f(x) <3} _
Let o= (3,4, 0niiicn o Let P \?& ,U ‘dﬂﬁ..? N..J_ H' a;. -,
where o, 40, % s, =720 and #lx) ,&a& ‘ _ o ol
and o= B = B Biswesn D) Leta € R thena f(x) +_h§+ en..-aﬁl-am
WS a0 S o s ==T20 af(x)+ glx) & % _
- ; g T s T ) [
s 04 2 8, A Boad 0) + (- 8 = 1, O . , -k
then =13, 4,0 3404 t0=0 Hence W is a su
=(-330 0) where-3+ _ !
PR = (iii) Let
€W
W it not & subspace of R”, for 4 2 0.
Case IL. When .= 0 W is not a
Let e, i, x ) and v = (gs Ygreeers s Yul € w
such thatx, + 3, +.... 43, =0andy, +Jo + =¥V =
Lleta e R
Then au+p = {ax, +y;, Axy + Ygsswen , ax, +u,av
such that (gx. +y,) < (ax, 4 ¥o) + weee- +lax, +5.)
st 1ol
=g, +X, 4 ... +x,)+ (yy + ¥yt o +.3av
=al0)+0=0

= au+veWforacRandu,veW.
W is 2 subspace of R%, for 3. =0.

Exampie 10. Let V = {f (x) : f (x) is a polynomial of
Hlustrate with the help of examples that which of the fc
subspaces : O -

(i) W={f(z):deg [(x) = 5) L
(i) W={f(x):degf(x)<3)
(i) W=If(x):£(0) = 4)
i) W={fx) QS nen\ﬁz;
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Example 11, Lot V be a vector space of all real V“lucm

N 1t ’ i % 0
functions over R, Show that the set W of solutions of dlfferéﬁiiuq

d*y 5 dy L2y =0 isa subspace of V.,

da? dy

Cquations 3§

@ 58 10y= ]

dx’ dx
Stee W g and y = 0 satisfies the above differential equation,

We have to show that W is a subspace of V.

Lot YpYy e W oand a e R, such that

Solution, ot W = 3

d?y d

3=2L 15Ty gyl

dx* dx 2y O A1)
. 2

and 3 d Y2 -6 dyz j



