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1 STATISTICAL BASIS OF THERMODYNAMICS AND

UNIVERSALE&W IN STATISTICS

- —

1.1. STATISTICAL PHYSICS

Statistical Physics is a branch of physics that deals with the study of physical behaviour of an
assembly of large number of particles using the concepts of statistics. The particles may be molecules,
atoms, neutrons, protons, electrons or photons. It has found extensive applications in thermodynamics,
electrodynamics, optics, nuclear physics, radioactivity, solid state physics as well as in chemistry and
biology. In this book, we will study the applications of statistical physics to thermodynamics.

Statistics is the science of collection, classification, presentation, analysis and interpretation of the
numerical data. It aims at finding out the order in the data using the concepts of the theory of probability.
For example, in a sample of gas, the individual molecules move about randomly, yet there is a certain
law in which the velocity is distributed among the molecules. Thus, there exists some order in the

apparent disorderly behaviour of the molecules. Statistical physics helps in the discovery of this order
or the law of distribution of speeds.

To investigate and analyse a physical phenomenon, we generally separate (mentally or physically, if
possible) a portion of the matter from rest of the universe. This separated portion of universe is called
a system and the rest of universe around this system is called its environment. For studying a physical
pheomenon, we focus our attention on the system and the environment in its immediate neighbourhood,
which is also called the surrounding of the system. As explained earlier, the systems studied with the
help of statistical physics consist of a large number of particles. Depending upon the namure of the
particles constituting the systems we have two types of statistics, namely the classical statistics and the
quantum statistics. Before embarking upon the study of thermodynamics of the physical systems, we are
going to explain the nature and scope of these statistics. This will be the subject of chapter 2 and 3. In
the rest of this chapter, we are going to introduce some of the basic concepts of probability and statistics.

1.2. DEFINITIONS OF BASIC TERMS USED IN THE STUDY OF PROBABILITY

1. System. Any object of interest is defined as a ‘system. It is of two types :

(a) Microscopic System. A system containing of a few particles is called microscopic system. For

example—electron, proton, atom, molecule etc. Generelly, a system having about 103 particles is called
MiCroscopic system.

(b) Macroscopic System. A system containing a very large number of particles is known

as macroscopic system. For example a drop of water (102° molecules), 1 c.c. of hydrogen at N.T.P.
(10! molecules),

A

2. Experiment. The process of observing a phenomenon under deliberately arranged conditions to
obtain the answers to certain questions connected with the phenomenon is called expeﬁment. For
example, tossing a single coin a number of times to find the percentage of the number of times we get

head up is an experiment. Similarly tossing a number of coins simultaneously to find the percentage of
the coins falling with heads up is also an experiment.

The experimental process is carried out according to certain set rules to ensure the completion of the
process each time. g

1
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M Cirpose s  coll. ecting data is called trial. The

u3'I‘l'lal The performance of an experiment for the
trial should have the following characteristics.

(a) It should be carried out in accordance with cert

(b) It can be repeated arbitrarily often.

4. Random trial. If the outcome of @ trial depends on ch{m
the trial is said to be random. The trials such as tossing a coin,
well shuffled pack or drawing a ball out of the bag are the examp

5. Event. The outcome of a trial is called event. For example,
fall with its head upwards. It is an event. Similarly, when we roll 2 'b
4 dots upwards. It is also an evenl. Then with a coin two events are posst
S i Ily likely when there is no reason to expect

6. Equally likely events. The events are said to be equally )t’ e ety O
any one of them in preference to the other. For example, when we toss 2 St
“tail up’ events are equally likely to occur. Similarly, when we roll 2 die, any one is

equally likely to show up. : '

7. Exhaustive eveats. Total number of all possible outcomes ofa trile are c_alled exhaustz‘ve events.
For example, when we toss a coin, the exhaustive events are 2. In throwing a die, the exhaustive events
are 6. In drawing a card from a pack of 52 cards, the exhaustive events are 52

8. Mutually exclusive events. Two or more events are said to be mutually exclust've if they cannot
occur simultaneously as the outcome of a trial. For example, when we toss a colll there are two
mutually exclusive events - *head up’ and ‘tail up’. Only one of them can occur as a result of a mal‘. In
rolling a die, there are six mutnally exclusive events, and only one of them occurs as a result of the trial.

The mutunally exclusive events are also called incompatible events. S

9. Favourable events. The possible result of a trial which ensures the occurrence of a particular

outcome is called favourable event. Suppose, we throw two dice. The number of cases in which the sum
of the dots shown up on both the dice is 7 are as follows : (6, 1); (5, 2); 4, 3); @3, 4); 2, 5); @, 6)-

That is, in all there are six favourable events. In rolling one die, only one event is favourable to the
showing up of face 6. Same is the case with other faces. In tossing a coin, one event favours head up
and the other event favours the tail up.

10. Successive events. If two or more events take place one after the other, they are called successive
events. Suppose we throw two coins one after the other, the events are called successive events.

11. Simultaneous events. If two or more events take place at the same time are called successive
events. Suppose we throw two coins simultaneously, the events are called simultaneously events.

12. Independent events. Two events are said 10 be independent, if the occurrence of any one of
them does not influence the chances of occurrence of other. Suppose, we have 5 red and 6 green balls
in a bag. Let us draw a ball at random out of the bag. Suppose, the ball is red. Let us replace the red
ball and then draw another ball. In this case, the result of the second draw will not depend upon the first
one. That is, the events concerning the two draws are independent of each other.

13. Dependent events. Two events are said 10 be dependent, if the occurrence of any one of them
influences the chance of occurrence of the other. In the above example (item 12), if the red ball taken
out in the first draw is not replaced, before drawing the second ball, then the events concerning the two
draws are said to be dependent. Because, the chances of occurrence of the second event Will depend
upon that of the first.

14. Sample space. The set of all possible outcomes of an experiment is called sample space. For
example, when we toss a coin, the sample space consists of two events (H and T). If we throw a die the
sample space consists of 6 evenis. When two coins are tossed, the sample space consists of 2 +2 =4
events and throwing of two dice has a sample space of 6 x 6 = 36 events.

ain clearly defined rules. :

ce and so cannot be predicted uniquely,
rolling a die, drawing a card out of the
les of random trials.

when we toss a coin, the coin may
die, it may stop having the side with
le and with a die six events

')'
).
LS
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1.3. PROBABILITY

“Prf)bably, it may ra%n today.” What is implied in the above statement ? It shows some amount of
un'(:t.:namly about the rain. If we could quantify this uncertainty, we could talk of the probability of
raining today. Laplace had defined the term probability as follows :

“Probability is the ratio of the number of favourable cases to the total number of equally likely
cases.” Suppose n is the numebr of favourable cases, and N is the total number of equally likely cases.
then probability is given by : %

Number of cases in which the event of interest occurs

n
P = o=
N Total number of equally likely possible cases

e.g. the probability of drawing a king of heart from a well shuffled pack of 52 cards is A because
52
here n'=1 and N = 52.

Note : Here in this definition, we have assumed that all events are equally likely to occur.
The Probability is of two types :

(i) ‘a priori’ probability and

(i) Statistical probability or empirical probability.

1.4. A PRIORI AND EMPIRICAL (OR STATISTICAL) PROBABILITY

(a) A Priori Probability.

It is the probability, which exists in our minds, before conducting the experiment.

The A priori’ probability is a number between 0 and 1, indicating the chances of occurrence of the
event, independent of the actual trial. It is something, that exists in our mind. In other words, it can be
determined prior to the conduct of the actual experiment or a trial. It is specified on the basis of
understanding or what is called the common sense about the occurrence of the event. However, there is
a logic behind the manner in which it is determined. The logic concems the equal probability of the
occurrence of all events of the sample space. For example, when we toss a single coin, the sample space
consists of 2 events H or T and each one of them is equally likely to occur. Similarly, when we toss two
coins, the sample space consists of 4 events (HH, HT, TH, TT) and each one of them is equally likely
to occur.

The a priori probability of an event is defined as the ratio of the cases favouring the event to the
total number of the cases in the sample space.
Cases favouring the event
Total number of cases in the sample space

If N’ be the total number of cases and out of them n are favourable to the event, then the probability
of the event is :

n
P=—.
N .
For example, suppose, we wish to find the ‘a priori’ probability of showing up the face with one dot,
when we throw a die. Then the sample space consists of : :

S =(1,2,3,4.5,6}
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=
i.e. six events, out 0
n = 1. Therefore, the a priori probabilit

{ which only one event favours the showing up of face 1. That is N = 6 and

y of showing the face 1 up is :

l’l)"l
=g

(2} Empirical (or Statistical) Probability.
probability is a number between 0 and 1, i
occurs as a result of the experiment.

The empirical ndicating the fraction of the cases in which
the event actually
Thus, the empirical probability
occurs to the total number of trials

may be defined as the ratio of the cases in which the event actually
the event. That is :

in which we observed the occurrence of

Actual number of cases in which the event occurs
Piempirical) = Total number of exhaustive cases in which the occurrenc
the event is observed

e of

If M be the total number of exhaustive cases and m be the number of cases in which the evenl P

actually occurs, then

Pempirical =

Suppose we toss a coin 10 times and we find that the coin falls with head up 6 Tmes, then the

empirical probability of the head up event is :

6
P(H)empirical = 1_6

So, the two

s |

Now, it may be recalled that, the a priori probability of the bead up cvent is 10 -
probabilities (a priori and empirical) may not be equal.

Relation between statistical and a priori probabilities.

The statistical probability tends to be equal to the *a priori’ probability when the number of trials s
very very large. When we toss a coin only once, then it may fall with head up. So, the statistical

probability of the ‘head up' event is % = 1 and that of the *tail up' event is ? = 0. However, the 2

priori probability even in this case, both for the head up or tail up events, was Tl, = 05, Now, if we have

Smni?!softossingmecoin.wemayﬁndheadup%()timcsmduﬂuleOdmc&So.t!nw
pubabzhtyofheadupevemis260/S(X)=0.520andM0fﬂruﬂupevemis2-lyS(l)-(1480.Md
them are very near the a priori probability 0.5.
Suppose the number of trials is S000. In such a case, we ma; i
_ °r ¢ S0 ; y find head up 2520 times and tail 9P
zlwwumS&r;mm?gofmeMwemtmhe2520f5(ll\=0.504:ndlhﬂd~
= 0.496. These values are still nearer to the a priori probability of 05.
Therefore we can conclude that the statistical probability is equal to the a .'oti probability when Be
number of trials is very-very large (tends to infinity). .

Lim Pl = Py prios

STATISTICAL BASIS OF THERAMO -
DYNAMICS AND UNIVERSAL LA
W
e IN STATISTICS 5

1. The ‘a prioni’
g probability is basically a theoreti
2 @ retical concept. It ca i
SIEEEY § . 1 nn e ¢ vhen e
of the events of the sample space is not equally likely lg occur. b o o

The empirical prob: / i
; p probability obtained from a single trial or from a trial involvi
of objects may be misleading D -

3 2 i
;‘ The “a priori” probability is also called mathematical probability or classical probabili
: assical prob:
. The empirical probability is also called statistical probability L

In the discussion that f
SCHS at follows, the term probabilit
¢ y will mos| e y ori’
unless mentioned otherwise SORIEERENRS " o SR,

Enmplel L. Calculate th v W
ol ¥ v the ‘a priori’ probabil y >
. 3 ¢ I ability of drawing a queen out tg[u well slnq/jl(’d purk of

" " 7 F 3
- pack of ¢ ards contains 52 cards, out of ! r are queens. Each one of the
w-ﬂm The K A which fou | ~ queens
s hk')‘ to be drawn out. Therefore

Number of cases favourable to the event, n = 4,
Total number of possible cases N=3§
n

A priori probability of the event, s
N

4 I

52 13
f;* 1‘::: ::1‘ ,1:‘.; ;»An;)l-::h-,'/vn. of yeming two taily, when three coins are tossed in a single trial.
Salution. events (sample space) are as follows ;
TTLTTHTHTHTLTHHHTH HHT.HHH
Total number of (exhaustive) events, N = § :
No. of events in which we get two ils a = l

Probability of getting two tails, P = L. 3
N 8§
Example 1.3, Two dice are rolled
i . =
AR e oy e simultaneousty. Find the probability of getting the sum (of dots
Solution. Total sumber of equally likely events with two dice are N = 36.
Cases in which we will get a sum of 9 are as follows
(6, 3); (5. 4) (4, 5% (3, 6).
So, the number of events favouring the sum of 9 are n = 4.
Probability P a3
%
- -1
P - =,
Example ,
L4, In single throw of tw ili
- g of two dice, find the probability that the total number of dots showing
Selution. Total number of (exhaustive) events with two dice, N = 36.




n'I‘he sum of dots showing up varies fro
are : 3,6, 9 and 12.
So the favourable cases are as follows :
For sum 352 5N
For sum 6: 5, 1), (42,353,249, 159
9 :
2

m 2 to 12. The sum of the dots which is multiple of 3

(6, 3), (5.4, 4,5), 3, 6)
For sum 12 : (6,6)
Total number of favourable cases, n = 12

For sum

Probability P =

Example 1.5. What is the probability of drawing a king from a deck of 52 cards ?

Solution. Total number of cards = 52 : i

Total number of exhaustive ways in which a card can be drawn out of the deck is N = 52.

Number of kings in the deck = 4

Total number of ways in which a king can be drawn ou!
4

n
Probability of drawing a king, P=xN"%

t of the 4 kings is N =4.

1
or 123 16

Example 1.6. What is the probability of drawing :
(i) a king (ii) king of diamond (iii) any card of diamond from a deck of 52 cards ?

Solution. (i) Total number of cards = 52

Probability of getting a king in a draw
(i)  There is only 1 king of diamond.
. Probability of getting king of diamond

(iii) There are 13 cards of diamond.

13ERT
.. Probability of getting any one card of diamond = 5 = e

1.5. PROBABILITY OF OCCURRENCE AND NON-OCCURRENCE OF AN EVENT

Suppose p denotes the probability of occurrence of an event and g denotes the probability of non-
occurrence of the same event. However, it is certain that if we make a trial the event will either occur
or will not occur. So, the combined probability of occurrence and non-occurrence of the event is 1-
Hence we can write

ptqs= 1
] p
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That is, the probability of non-occurrence of an event is 1 — (the probability of its occurrence). For
example, when we throw a dice, the probability of showing the face 1 up is 1/6 and that of not showing
the face 1 up is 1 — 1/6 = 5/6.

1.6. MICROSTATES AND MACROSTATES OF A SYSTEM OF PARTICLES

The distinct arrangements of the particles of a system is called its microstate. For example, If three
distinguishable particles are distributed in two compartments, then eight distinct arrangements are possible
as shown below :

[abe, x], [ab, c] [ac, b), [be, al,

[a, bel, [b, acl, [c, ab] [%, abc].

That is, there are eight microstates in which the system can exist. Thus, a microstate is the distribution

- of distinguishable particles among themselves. Each microstate to the system has the same a priori

probability.

Macrostate.

The arrangement of the particle of a system without distinguishing then from one another is called
macrostate of the system.

For example, if three particles are to be distributed in two compartments without distinguishing
among the particles, then there are four possible arrangements as follows :

Arrangement 1, (3 0) = [abc, X]

Arrangement 2, (2, 1) = [ab, c] or [ac, b] or [be, a]

Arrangement 3, (1, 2) = [a, bc] or [b, ac] or [c, ab]

Arrangement 4, (0, 3) = [X, abc]

Each one of them is called macrostate of the system. Thus, the number of particles in the two
compartments defines the macrostate of the system. Accordingly, a macrostate in which there are 2
particles in one compartment and 1 particle in the other is denoted by (2, 1). Each macrostate may
contain one or more microstates. For example, in distributing 3 particles in 2 compartments, there are
three microstates in the macrostates (2, 1) and (1, 2). But there is only one microstate each in the
macrostates (3, 0) and (0, 3). It is found that when n particles are to be distributed in two compartments,
we have (n + 1) macrostates and 2” microstates.

1.7. DISTRIBUTION OF PARTICLES IN TWO EQUAL SIZED COMPARTMENTS

Distribution of osne particle in two compartments

Suppose an open box is divided into two equal sized compartments by
means of a partition as shown in Fig. 1.7.1. Let a particle be thrown into the
box from a certain distance. The particle is equally likely to fall into any one
of the two compartments, because there is no reason why the particle should
prefer any one of the compartment over the other. Thus, the a priori probability
of the particle entering the compartment 1 and 1/2. Also, the a priori probability of the particle not
entering the compartment 1 is 1/2. Thus, entering of the particle into one of the two compartments 13
similar to the tossing of a coin. If we denote the particle by ‘a’, then the possible arragement for
distributing the particle into two compartments is as follows :

Fig 1.7.1
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Comp. - 1 Comp. -2

a =

- a

That is, there are two (27) possibilities, out of which one occurs, and the a priori probability of
which is 172,

Distribution of two particles in two equal sized compartments

If instead of one particle, we throw two particles into a box divided into two equal sized compartments, |
then the possible distribution of the particles is as shown in the table below. Let the particles be denoted

by ‘@’ and ¥’.

r Comp. - Comp. -2 Microstates Macrostates |
ab z my — (1) @ 0)
J ’ " | @ )
b a my
- ab my — (1) ©,2)

So, there are 22 microstates and (2 + 1) macrostates.
Distribution of three particles in two equal sized compartments is shown i|_1 the table

below :
Comp. - 1 Comp. -2 Microstates Macrostates
abe - ) G, 0) E
ab c |
ac ©) @D 1
be o 3
a be
b ac 3) a,2)
€ ab ”17
< i mg ~ (1) ©,3)

So, there are 2° microstates and (3 + ) macrostates,

HariMohan May 3, 2025, 17:50

STATISTICAL BASIS OF THERMODYNAMICS AND UNIVERSAL LAW IN STATISTICS

Distribution of 4 distinguishable particles in 2 equal sized compartments is shown in the table

below :

Comp. - 1 Comp. - 2 Microstates ‘ Macrostates j
abed X m; — (1) ‘ (4, 0) j
abc d my
bed a my o 4 G.1
cda b my ‘\
dab c s
ab cd mg
ad be J my 1
ac bd mg (6) 2,2)
be ad mg
bd ac mo J
cd ab myg

d abc mp,
a bed m3 (1, 3) ‘\
b cda my, }
c dab mys
X abed mye (1) 0, 4)
So there are 2* microstates and (4 + I) macrostates.
If the particles are indistinguishable, then
Compartment Compartment Microstates Macrostates
I i
@ a, a a) - 1 4.0
(@ aa) a 1 G D
(a, a) (a a) 1 2.2
(a) (a, a, a) 1 1. 3)
- (a, a, a, a) 1 0, 4)

i.e. number of microstates depends upon whether the particles are distinguishable or indistinguishable.

e.g. the macrostates (3, 1) has four microstates if the particles are distinguishable and one microstate
if the particles are indistinguishable.

Example 1.7. Write in tabular form the distribution of 3 particles in three compartments. Hence

generalise the ways of distributing n particles in k compartments.




a
b
C
X
X
X
a
b
2
a
a
b
b
c
e

c
b
a
¢
b
a

=

Thus, there are 27 ways in which the three

other words, three particles can be distributed

compartments in X ways.

-

e —

Haio May 3,

particles can be distributed in three compartments. In
in three compartments jn 33 ways.

y\\\r—‘\_;
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If the particles are indistinguishable :
Compartment

q

—

1.8. THERMODYNAMIC PROBABILITY OR FREQUENCY (W)

The number of microstates in a given macrostate is called thermodynamic probability of that
macrostate. It may be denoted by W. For example, if three distinguishable particles are distributed in
two compartments, then the macrostate (1, 2) has three microstates namely [ac, b), [ab, c), [bc, a).
Therefore, the thermodynamic probability of the macrostate (1, 2) is 3. We may denote it by :

Wi ([1,2) =3
W 3
W (3,0 1
o W03 =1

W depends upon the distinguishable or indistinguishable nature of the particles.

The thermodynamic probability of a macrostate depends upon whether the particles are
distinguishable or not. If the particles cannot be distinguished from one another, then each macrostate
has only one microstate. So, the thermodynamic probability of each macrostate will be equal to 1.

Relation between thermodynamic probability and the probability of macro and microstates
ystem have equal a priori probability, then the probability of a

Similarly,
4

> 7.
~q

If all the microstates of a given s
microstate is given by :
x 1
R-= ol number of microstates of the system

2
..(1.8.1)

J
z
The probability of a macrostate is given by :
_ Number of microstates in the given macrostate
Total number of microstates of the system

But the number of microstates of the system is called thermodynamic probability W. Hence :
W ..(1.82)
Total number of microstates of the system




Mooenws-smishm MECHANICS (B:Sc. 1l SEM—IV, GJ. UN

Comparing the equations (1.8.1) and (1.8.2), we find :
= W, :

. ' bability x probability of each microstate.

i.e. probability of a macrostate = Thermodynamic pro

Significance of macrostates
It is found that the properties of a system dep

compartments of the system. Therefore, knowledge © : ts
for cfescn'bing the behyaviour of the system. It will be explained later that the compartments may be

mentum etc. Suppose the two
specified in terms of some property of the system such as energy, mo!

icles i icle in compartment
i i the particles in them. Let each partic .
compartments differ with regards to the energy of ezphave il B o e

1 have energy equal to 5pJ and that in compartment v ;i :
of three parﬁcl:s], then the energies of the system in the different macrostates will be as follows :
Remarks

l Macrostate Energy

[ 6o 15 W SE0
21D 20 pJ
.2 25 1 1x5+2x10
0, 3) 30 W 0+3x10

bability of the macrostates (2, 1) and (1, 2) are higher than those of
stem has more chances of having energy 20 W ot 25 pJ than 15 pJ

end upon the number of particles in t!le various
£ the macrostates (and not microstates) is essential

2x5+1x10

Since the thermodynamic prol
(3, 0) or (0, 3), therefore, the sy:

or 30 pJ.
Remarks. It may be mentioned here that the above example is a very crude one. It simply illustrates

the significance of macrostates in describing the behaviour of the system.

1.9. PERMUTATIONS AND COMBINATIONS

The word permutation refers to arrangement and the word combination refers to the formation of

)

»

groups.

Permutations

Suppose we have four objects marked g, b, ¢ and d. If we take any two objects at a time, then they
can be arranged as follows :

ab, ba, ac, ca, ad, da, bc, cb, bd, db, cd, dc.

That is, in all, 12 arrangements are possible. In arranging the objects, the order of their placing is
also taken into consideration. Thus, ab and ba are two different permutations. Thus, permutation refers
to the arrangement of n mutually distinguishable objects taking r at a time such that the order of
their placement is taken into account. So, we say that 4 objects can be arranged in 12 ways by taking
2 objects at a time. That is, number of permutations of 4 objects by taking 2 at a time is 12.
Mathematically, we denote it as :

- By =
It is found that the number of arrangements of n objects by taking r objects at a time is given by
n!
(n-r)!

w.he'm ! = Mx(m-1)xn-2)x.
Similarly, *n-n!= (n-Nx@m-r-1)x...

P(n,r): "P' =

*
X3 %21
X3 x2x1

4x3%x2x1
Thus : 4p, = e Tl By
2T @-2)! 2x1 -

Combination
In the combination, we form groups of the objects without paying attention to the order of their

placements. Thus, four objects, marked a, b, ¢ and d, can be combined by taking 2 at a time as
follows :

ab, ac, ad, be, bd, cd.
The order of placing the objects is immaterial in combination. Thus, ab and ba stand for the same

combination, but different permutation.

Therefore, combination refers to the formation of groups of n mutually distinguishable objects by

taking r objects at a time, such that the order of their placement is not taken into account.

So, we find that 4 objects can be combined together by taking 2 ata time in 6 ways. Symbolically,

we write it as

4= 6
2
It is found that the number of combinations of n objects taking r at a time is given by :
n!
i i 0
o (n—r)!r!

r!
e Szl
1
Also, P L _n!
(n—n)! 0!
But 1 =1,
Therefore =n!

n! n!
and = (m—n)!n! Oln!

1.10. MEANINGFUL AND MEANINGLESS ARRANGEMENTS

*n ! is read an n-factorial,
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From the above discussion, we can conclude that the relation for permutations can be used when
the order of placing the objects matters. However, when the same is immaterial, the relation for
combinations should be used.

Suppose we wish to arrange n objects by taking 7 of them at a time. The total number of ways this
can be done, when the order of their placing matters, is : "Pr Now, the arrangement of r objects among
themselves, can be done in rPr ways. If the order of placing the objects is not important, then rP,
arrangements in each combination are meaningless, because they are all alike. So, the’ meaningful
arrangements will be the combinations of n objects taking 7 at a time, which will be "C
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Number of meaningless
arrangementg

Therefore, we find :

: ements X
Total number of arrangements = Number of meaningful arrang

CONSTRAINTS ON THE SYSTEM

tem are called constraints. For example, for

ompartments, We can put the constraints t!)at no compartment should
ble nature of the particles is also a constraint on the system.

number of macro as well as microstates of the system. Supp?se

compartments. Then, the systf:m v{xl{ have th.e following

£ relative placement of the objects is immaterial.

1.11. CONSTRAINTS AND EFFECTS OF
onditions that must be obeyed by a sys

The set of o
distributing n particles in two ©
remain empty. The indistinguishal

The constraints may decrease the
we wish to distribute three particles in two

macro and microstates provided the manner 0
Macrostates Microstates
Description Number
3.0 (abc, 0) 1
2.1 (ab, ), (be, a), (ca, b) 3
(1.2) (c, ab), (a, be), (b, ca) 3
(0.3) (0, abc) 1

Now, if we put the constraint that no compartment should remain empty, then the mac'rostates
(3. 0) and (0, 3) cannot exist. So, the system can have only two macrostates (2, 1) and (1, 2) with their
corresponding microstates, which are six in all. 1

And, if we put the constraint on the system that the particles are indistinguishable, in such a case,
we will have 4 macrostates (3, 0) ; (2, 1) ; (1, 2) and (0, 3). Each macrostate will have only one microstate
and so the total number of microstates will also be reduced to 4.

Accessible and inaccessible states

A state that can exist in the light of given constraint is called accessible state. For example, in
distributing 3 particles in 2 compartments under the constraint that no compartment should remain
empty, only the macrostates (2, 1) and (1, 2) are accessible.

A state that cannot exist in the light of the given constraint is called inaccessible state. For example,
in the case mentioned above, the macrostates (3, 0) and (0, 3) are inaccessible states.

1.12. DISTRIBUTION OF n PARTICLES IN TWO COMPARTMENTS

Suppose 7 particles are to be distributed in two compartments. Let there be no restriction on the

number of particles that can occupy any one of the compartments.
Total number of micro and macrostates

e :‘/et know that n particles can be distributed in k compartments in k" ways, provided the particles
istinguishable and there is no restriction on the number of particles that can occupy any one of the

compartments,

So, n particles can be distributed in 2 compartments in 2" ways,
Therefore, the total number of microstates, in this case, is 2.

STATISTICAL BASIS OF THERMODYNAMICS AND UNIVERSAL LAW IN STATISTICS

Possible macrostates are :

1, 0); (=1, 1) (R =2, )5 0000 $(V =, P) yruciatits 3(2,n—2);(1,n—-1)and (0, n).
That is, total number of macrostates = n + 1.
Total ber of arrang t

Let n particles are to be arranged among themselves. It means n particles are to occupy n positions.
The first particle can occupy any one of the n positions. That is, there are n ways to arrange the first
particle. The second particle can occupy any one of the (» — 1) vacant positions. So, the first and the
second particles can be arranged in n (n — 1) ways. Proceeding in the same way, we find that all the
particles can be arranged in (n) (n — 1) (# —2) (n = 3) (1 —4) ........... (2) (1) ways.

Hence total number of ways to arrange n particles among themselves are :

n

n(n-1) (n-2)..... B3)2 1)=n!= P, (D

Thermodynamic probability of the macrostate (r, n —r)

To arrange n particles in 2 compartments, let us consider the macrostate (5 n — r). In this state,
r particles are in one compartment and (n — r) particles are in the other compartment. The arrangements
of r particles among themselves in one compartment and that of (n — r) among themselves in the other
compartment are meaningless. Now r particles can be arranged among themselves in r ! ways. Similarly
(n — r) particles can be arranged among themselves in (n —r) ! ways.

Therefore, total number of meaningless arrangements=r ! (n—r) ! Also,

[ Total number of ] = [No .of meaningful] o [No. of meaningless]
arrangements arrangements arrangements

n!=[No.0fmeaningful][r!(n_r)!]

arrangements

1
.. Number of meaningful arrangements = = e ...(I0
rl(n—-r)!

Number of meaningful arrangemehts of a macrostate (;; n — r) is called thermodynamic probability
of the state and is represented by the symbol W (7 n — r).

n!
ri(n-r)!

W (r,n-r)= ="C,="C,_ ()
Probability of a macrostate
The probability of a macrostate is defined as the ratio of number of microstates in that macrostate
to the total number of microstates of the system. Suppose we wish to find the probability of the
macrostate (r n — rj). Let us denote it by P (5 n — r). Then,
. Number of microstates in the macrostate (r, n—r)

Total number of microstates of the system

n

P(r,n—r)

__ Thermodynamic probability of the macrostates (r,n —r)
- Total number of microstates of the system

W(r,n=r)

P(r,n-r)= o

or




ek S
RE. n! 1
A
= ("-—r)!r! <
n! X_L.
or P(’.n—r)=m "
It is evident that

P(r, n—r)eW(rnn=")
because 2" is a constant for the given system.
Most probable macrostate :

The macrostate of a system having th;i
i on:

The probability of a macrostate 15 propo
Thatis:

the most probable macrostage,
probability of that{macrostate,

ility is called
highest probability is caite
al to the thermodynamic

P(r,n-n=<W(,n=1)

Therefore, probability of the macrostate 1S
Suppose we wish to distribute n particles in 3
ﬂxhimfuramacrosmte(r.n—r), when r =

g |
highest if its thermodynamic probability is qle largest.
2"compamnems, then the thermodynamic pr({babi.my |
n/2, provided n is even number. That is, highest ‘

_"_, ﬁ)_ Hence, the thermodynamic

n n
ﬂunmdynamicprobabilityisforthemacrosmte (—Z—,n—gj or (2 2 ’
probability of the most probable state of the system is : |

|
|

nn = ﬂ!
W(E’?.J'ﬁ.ﬁ.

o)
. Probability of most probable state,
it 1Al
T

%A }

i i ility wi ini hen "C, is minimum and value of "C_is |

Mi-lmpmbabillty.'lheprobabmtywmmmmm}lm‘w ; e f! ‘

minimum when r is equal to either zero or n. The distribution (0, ) or (z, 0) has the minimum ‘.

probability. |
ndirl 1

SARNE I 2 PaD),
PO.7) =T S 5 (,0)

Example 1.8. 8 distinguishable particles are to be distributed in two compartments of ‘equal @
priori probability’. Calculate the total number of microstates of the system. What is the number of
microstates in the most probable macrostate ? .

Solution. The number of particles, n = 8
Number of microstates of the system =2 =28= 256
For the most probable macrostate (7, n ~ r), we have r = n/2

Hence, the number of microstates in the macrostate (%, g) is:

o
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w(l‘ﬁ ~enl
22) nn,

28

8!

4141

_8XTXx6x5x4!
T 4X3x2x1x4!

1.13. STIRLING FORMULA

¥

When n is large, the n | becomes very large and so the computation becomes quite a tedious process.
Stirling had suggested a computational technique by taking the In n I* as follows -

Mathematically
For large value of n, Inn!=nilnn—n

Proof. We know that :
n!=nm-1)(n-2)x...... x3x2x1.
Inn! = nn+in(n-1)+mn-2)+ oo
xX=n
1=
or o le"" -(1.13.1)
x=

Stirling showed that when n is large, the right hand side of the equation (1.13.1) can be written as :

Inn!= [ znxdx=j’ (In x) (1) dx
1 1

~ Integrating by parts, we get

In n! =[xlnx]' —j'lxdx
1 1 X

or : lnn!=[xlnx] —fdx
1 1
n n
or Innl=[xInx] -[x]
1 1
or Inn! = nlnn-1ml1-@m-1)
But nl = 0.
" Therefore, Inn!=nlnn-(n-1)

Since n is very very large, so we can write (n — 1) = n.
Hence Inn! = nlnn-n

This is called Stirling formula.
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Solution.
Given

or

MODERN'S STATISTICAL

Example 1.9. Calculate the percentage €rror in using

Stirling's formula

I"N'I=NInN—N

"When N=5

NE=
N!=
oo . aNl=

]
5.’=5x4x3x2x1=120

log 120 = 2-3026 x log ;9120

, = 23026 x 2:0792
- = 47876
“NinN-N = 5In5-5

=5x2-30261log;y 5—5

Error in using Stirling’s formula,

5x 23026 x 06990 — 5
8-0476 - 5
InN! = 3

0476

InN! = 4.7876 — 3-0476
= 174

1-74

% error=

X
4-7876

= 36.34% Ans.

1.14. STATIC AND DYNAMIC SYSTEMS

Static Systems

If the constituent particles of a system remain at rest in a Pparticular microstate, it is called static
system. Thus, the particles of the static system neither change their relative positions in the compartment
nor do they move from one compartment to another. The static systems do not change on their own or

due 1o internal causes (forces), They may be changed by external causes or forces.

If a static system is disturbed by some external agency, the system may transform from one macrostate
to another. As soon as the cause of disturbance disappear:

probability of finding the system in a particular macrostate

probability W (7; 1 — r),
A system of coins or dice is an

£ example of static systems. When the coins are tossed, they fallina
particular manner and stay as such, Same is the case with the dice.

Dynamic systems
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, the system stays in its new macrostate. The
(r, n—7) is proportional to its thermodynamic

=

|
|
|
|
|
|
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one another. They change their positions, momenta and energy. If a dynamic system is disturbed by
some external cause and is then left to itself it t

. n r ends to stay near a macrostate with maximum
thermodynamic probability. That is, it tends to stay near the most probable macrostate.
it

1.15. EQUILIBRIUM STATE OF A DYNAMIC SYSTEM

The macrostate having maximum probability is termed as most
consisting of a large number of particles, the probability of de
decreases very rapidly. As a result, we conclude that for a dynamic system the deviation from the most
probable state is highly improbable. That is, appreciable deviation rarely occurs. So,

time, the system stays in the most probable state. If the system is disturbed, it again tends to go towards
the most probable state, because the probability of staying in the disturbed state is very small. Thus,

the most probable state behaves as the equilibrium state to which the system returns again and again.
It means that the behaviour of the system in general represents its properties in the most probable state.

probable state. For a dynamic system
viation from the most probable state

for majority of

The fraction of the time spent by a dynamic system in a particular macrostate is proportional to the
thermodynamic probability of the macrostate. If the system consists of a small number of particles,
then states other than the most probable state also have comparable thermodynamic probabilities. And
in such a case, the system possesses good chances of remaining in states other than the most probable
state or the equilibrium state. So, for a system consisting of a small number of particles, the most probable
state may not be the equilibrium state. Such system cannot be dealt with by using the concepts of
statistical physics. In other words, strictly speaking,

statistical physics is useful in studying the behaviour
of the systems which consist of a large number of particles.

1.16. DISTRIBUTION OF n DISTINGUISHABLE PARTICLES IN K COMPARTMENTS OF
UNEQUAL SIZES

Suppose a system consists of n distinguishable particles contained in a box. The box itself may be
divided into k compartments of unequal sizes (Fig. 1.16.1). Let us consider that in a particular macrostate
denoted by ( n;, 80 PR » 1y, ), ny particles are contained in 1st compartment, n, particles are

contained in 2nd compartment, ....... n. particles are contained in the kth compartment. Therefore, the
total number of particles in the system are :

‘ n=np+ny+ny+ ... +my
Suppose, the thermodynamic

probability of  this particular macrostate is denoted by
W (ny, ny, LG i

» ). The expression for it can be obtained as follows.

The total number of microstates of the system of n particles (as explained in section 5.9) is given
HPES il
n

by

The arrangement of n; particles among themselves in the first compartment can be done in ;!
ways. These arrangements of ny particles among themselves are meaningless. Similarly, n,
permutations of n, particles in the second compartment are meaningless. The total number of
meaningless permutations in the first and second compartments are (n;!) X (1,!). In the same way,
the total number of meaningless permutations of the particles among themselves in the various
compartments (k in all) will be given by :

Noi= @ DX (15 1) X (113 1) X oo




i
03

]
= () T 'r"?
T

or Ny = H"i L - i
i=1 naTH A 1
1

x (1) n,

L

where I stands for the product (7 1 x (y 1) X ecoeee

Also, we know that :

260 I

(${a] .
Total number of | _ Meaningful] x[ Meamngless]
arrangements arrangements | | arrangements

Fig. 1.16.1

or

=k
Meaningful 0
L [anangements] e |:'1:[ "

The meaningful arrangements = thermodynamic probability of the mac
Therefore, the above relation can be written as :

rostate W (11, 1, N3y -oeeeee: » )

nl=W (ny, nys Ngyereeioe: )

W (1, 1, 13 oeonee ) = (1.16.1)

or

7 pehiy th or the bo

relati btained when the space :

The on n(ltlﬁ-ll:a:?s';e:fn aopam‘cle going into anyone of the k compartments is .l:ﬁ; th:h _saxbxf_

dlsmbu:on of g:panicles in the space or the box can be f.urther anal)fsed b}f du.nt fn :ne o;;
ﬁ small cells, each of the same size, SO that the a priori probability of a particle going into any

; ) ¢

the cells is the same. Since the compartments are of e el in o

g - S 0SE, L1> 873 83> +owooeet , 8 are e N : : f

ﬁnfi.o third. k:hwmlfesp:ggvely.gl} ézbe ghe total number of cells into which the space is
divided, we have : J

g +8 et +8=G
The division of space into cells further chz.mge
(ny, ny, Nz e , ny), because now the distribution 0.

meaningful, which was not the case when the compartment was not

the number of meaningful arrangements in the presence of the cells, then the values of

obtained as given ahead. ) atd

Suppose there is no restriction to the number of particles that can go to any cell. Let us cons der‘cle
distribution of n; particles in g; cells. The first particle can go into g; cells in g; ways. The_second pﬂlllfsl o
can also go into g; cells in g; ways. If we throw both the particles, then they go into g; €€

s the thermodynamic probability of the state
f n; particles in the ith compartment becomes

divided into cells. If N, denotes
¥ cnte

g; X 8; = g;> ways. In this way, it can be shown that n; particles can go into g; cells in (g; )i ways. S0
considering all the compartments, we find that the number of meaningful arrangements of
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x is divided into unequal sized ‘

different sizes, therefore the number of cells in |

the pa[ﬁcles |
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in all the cells of the space is given by : 7

Nop = (8™ (82)™ (g3)™........(g, )™

i=k
or N, =[Tce"
i1

8 b

Now when we consider the cells into which each com artm i
. n v partment has been divided, th
of particles within the compartment into its various cells becomes meaningful. The relaﬁznanmgemem

Wn, ny,m,.......,n,) = 7, st be multiplied by the fotal number of ways M, in
| ! o

which the particles in various compartments can be arranged in cells within those very compartments.

Hence thf: total number of equally likely ways in which the particles can be arranged in 81> 8 83 wweee g
cell.s belonging to compartments 1, 2, ..... , k respectively in such a way that ny, ny, ny ... r% psarﬁcle:
£0 into respective compartments. %

Thus the total number of microstates in the macrostate Ny, ny ... ny) is given by

W (ny, my,.....np. )=
L

k ;
— (8.‘)"’
or W=n '[HTJ s

W (ny, ny, ....... » 1) is the thermodynamic probability for the macrostate (g, 0y, ... s ).
Since each of W microstate has the same probability say p, the total probability for the macrostate

P(nl, Ny, e yn)=p. W (nl, Ny eeoeeee 80
Therefore, the probability of a macrostate is proportional to the thermodynamic probability W.

In the above discussion we have considered cells of equal size. In two dimensional case equal size
means equal area and in three dimensional case equal size means equal volume.

Example 1.10. 10 distinguishable particles are distributed in 4 compartments of equal sizes. Find
the number of microstates in a macrostate G 3 1 1.

Solution. Thermodynamic proBability of the macrostate (ny, n,, ....... , ) is given by
n!
= 10andk =4

Wy, 1y, oo mp) =
Here

10!

SRS S e

10x9 !
= X8XTx6x5! = 5040
5!x3x2x1
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1.17. DEVIATION FROM THE STATE OF MAXIMUM PROBABILITY

al,

(Statistical ﬂuctuathns,and their dependence on n)

When n particles are distributed in two compartments, the number of macrostates comes :“t“ to .I:}c:
(n + 1). The macrostate (5 71 — r) is of maximum probability if r=n /2. That is the macrostate wi

o L & e T
maximum probability is (_2-' 2): The probability of the macrostate (5 n—r) is givel y

! 1
AP —r) = X

e (117.1)
rln=r)!"" 2"

nn). 2 nn =
Let the probability of the most probable macrostate (55) ie. P(E—Z_) be written as P, and

that for a macrostate [(.’1+x), (%—-x)] slightly different that the most probable state be written as P
2

. Here x is the deviation from the most probable state.
Then from equation (1.17.1) we can write :

n! 1
./P _—

= 5 . (1172)
O e
Qe
Let us consider a macrostate which is slightly different from most probable state by x s.t.
x<< IR
This microstate can be written as (£+x,£—x).
The probability of this new macrostate P, is given by _
|
' |
AP U el - (1.173)
. Zix|t ﬂ—,\f)' 2"
2 2 ;
5 2
Multiplying and dividing R.H.S. of above equation by (5 !) , we get
2
Ly
- n! (2 ) 1
Ke. 2 (n n o
n, (— +x) ! (——x)! 2
2 2 2
2
)
“, =¢ . (L174)

— x m n n
& ) (22
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Taking natural logarithms, we find

I = Syl L 5 n
n P, InP, +un S 1=In (2'@‘3‘! —In (E_X)! -(1.17.5)

Applying Stirling’s formula to relation (1.17.5), we get : 9"

n.n n n n n
Pl T BBl [2 ’"5‘5] W*Ka“‘)’"(z**)‘(a”ﬂ

(el

n n n'
lan=lan+nln E—n—- E+x In 5+x

= (g—x) In (-;——x) + [(%+x)+(%— ﬂ
n n n
InP, +nln s (E+x) in (E*‘x\) - (%—x) In (%—x) +n
. n (n n
o b 3o (3] 5]
n n 2% n 2x
N !/ —=an I i —= = — —_
ow n(2 x) n[2(1+n)] In 2+ln(1+ n)
n n 2X n 2X
m—— = —[1— = = —
In (2 x) In 2 ( n) In 2+ln (1 )

n

.. (1:117.6)

Using Taylor’s theorem to the second term, we find :
2 3
x %
hl+x) =x- — + — + ...
1 +x 2 3
2 3
and  Im(l-x) =—x- 2 X _
3
2
n Ny el 2 1
o] e R
2 il 2

Here higher terms are negligible, because n is very very large;

2
G 18 n  2x 2x 1
Similarly : In (2 x) =In A (_n) L=
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Substituting in equation (1.17.6), we get :

n n "+2_§_2_1_
’"P.r=’"Pm+"l"5_(E+x I"E n n) 2

2
n |n n, 2x 2x
SR, 0 o —[3“”] [’"5* 3 an

2
n n 2
mP, =P, +nln > — > [lnf+—x——2+l L
n n

2552

232 4x? 2x?
or lllPx-:llle'f‘——T:n e
P 2
or ln_“'_ =—ZI—
m n
45 iy
or SO 1), S s\
m
Putting
— =f, we get
P i)
2 =, £V,
D
P e

. .m
Here fis called fractional deviation from the most probable state.
Discussion.

e (IAIAT)

Now, we analyse the relation between P. and P i
p : .
e Sl ooy 1 'm for various values of the fractional deviation and
Let f= 0.1%. That is f = 0001 =103
P,
Then = = e xigse L
m e" x1076

(B.Sc. Il SEM~IV, GJ. UNL) ,Q
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R .
The ratios —* for different values of n are given in the table below :
; o -
Ly
PX
" 2x
P"l
e
103 £0.0005
AP
106 €03
by
102 e 300
1
1012 e 500000
It is apparent that as n increases the probability
for 0.1% deviation from the most probable state goes
on decreasing very rapidly.
P, -
The graph between fand P is shown in the /
m ‘whg
Fig. 1.17.1. i i
The graph is called probability distribution ,v[ f
curve. As n increases, the graph gets narrower, /
indicating that the possibility of deviation from the Lo
most probable state goes on decreasing. Aot
It is evident that as n increases the rate of fall =03 -02 -0 0.1 02 03

of P,/ P, becomes more rapid.
1 Tl
Note that ¢"™™ ~ 1043 and €

when N = 5.
Solution.
Given that N= 5

N!=5!=5x4x3x2x1=120

Lot

= 10434025 That is with 107 particles or with 1012
particles even 0.1% deviation from the most probable state is highly improbable. The system stays very very
near to the most probable state. In general, we may say that it stays in the most probable state. Therefore,
the properties of the system will be same as those of the most probable microstate of the system.
Example 1.11. Calculate the. percentage error in using Stirling’s formula
InN! =NlogN-N -

Fig. 1.17.1

logN! = log 120 = 23026 x log, 120
= 23026 x 2.0792
= 47876
NlogN-N = Slog5-5

5% 23026 log]y - 5
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5 x 2.3026 x 0.6990 — 5

8.0476 — 5
3.0476
i ing Stirling’s formul
Error in using g Jl 4.7876 _3.0476
=I 11.74
1.74
9% error = m x 10!
=I136.34% Ans.

B |

o

1.18. STATISTICAL ENSEMB(GS
an be infinite number of states of the gas for

given by Gibbs. There ¢
infinite number of ways to distribute the

The concept of ensembles WS
because there are 1

a given macroscopic condition of the gas,

molecules in space. .

Thus, an ensemble may be defined as a collection of large number macroscopically identical but
“macroscopic identical’” means that each of the system constituting an
ic conditions such as volume, pressure, energy, temperature total
are mutually non-interacting.

independent systems. Here the term
ensemble must satisfies the same macroscop!
number of particles etc. The term “4ndependent systems’ means that the systems

Types of Ensembles. There are three types of ensembles depending on manner in which their

system interact.
1. The Microcanonical Ensemble
2. The Canonical Ensemble
3. The Grand-Canonical Ensemble.
Physical systems may remain perfectly insulated from each othe
They can also exchange energy or matter or both with each other.
1. Microcanonical Ensemble. The microcanonical ensemble may. be defined as a collection of

ent systems having the same energy E, volume V and number of particles N. All the
id walls. The values

r or can interact in many ways.

essentially independ
individual systems of a microcanonical ensemble are separated by well insulated rig
of V, E and N for a particular system should not be affected at all by the presence of other systems (see

fig. 1.18.1). Hence, energy and number of particles of systems are constant.

EVNES EVNES EVNE
HEVNES EVNEF EVNE
= EVNE EVNEF EVN

Fig. 1.18.1. Microcanonical ensemble
: 2. Canonical Ensemble. The canonical ensemble may be defined as a collection of essentially
mdt?pendent systems having the same volume V, temperature T and number of particles N. All the systems
:vr: :; th:;:x:lu c;n@ct wnth each other. A canonical ensemble is symbolically represented in fig. 1.18.2.
. S (; 1:(;il:v1;nual iﬂystems of the canonical ensemble are separated by rigid, impermeable,
wdlmgus, - atcco ng]:on);el;e;; :ntuz ;xixmged betw.een the systems through these conducting
Mo b o7 e d.oe‘e:z:, In this canonical ensemble, the systems can

(B.Sc. | SEM~1V, GJ. UNL)
‘l STATISTICAL BASIS OF THERMODYNAMICS AND UNIVERSAL LAW IN STATISTICS

\ TVN \ TV.N \ T.V,N\

\ T.V.N \ TV.N \ T,V.N\ '(—v
rT,V,N \

Fig. 1.18.2. Canonical ensemble-

3. Grand-Canonical Ensemble. The Grand-canonical ensemb)ﬁ may be defined as a collection of
large number of essentially independent system having the same volume V, temperature T and chemical
potential x. Fig. 1.18.3 represents the Grand-canonical ensemble. All the individual systems of a grand-
canonical ensemble are separated by permeable, rigid and conducting walls. Hence, the exchange of
heat energy and particles can take place between the systems till all the systems arrive at common

temperature T and the chemical potential u.

TVN \ TVN \ i

Fig. 1.18.3. Grand-canonical ensemble
Thus, an ensemble in which neither energy nor matter is exchanged is called a Micro canonical

ensemble.
A Canonical ensemble is that in which the systems exchange energy but not matter.

A Grand canonical ensemble is that in which both energy and matter are exchanged between the

systems.
Note. The concept ensemble is useful to find the values of thermodynamic quantities which are not

very sensitive to the method of measurement.
1.19. POSTULATES OF STATISTICAL PHYSICS

Statistical mechanics is based on following postulates :
(i) Any gas is considered to be made up of molecules which are in continuous random motion

and these molecules behave like elastic spheres of extremely small size.
(ii) In phase space, all the cells are of equal size.

(iii) In a macrostate, all accessible microstates are eq
of equal a priori probability. From this postulate, it follows that the probability of occurrence of

a given macrostate is proportional to the number of microstates that corresponds to that given
macrostate. The probability that the systemwillpossessenergyEisproporﬁomltoW(E)

ually probable. This is called the postulate

ie. P (E) «x W (B
or B (E) =cW (E))
where c is constant of proportionality. i




(iv) The equilibrium state of a gas corresponds to the macrostate of maximum probability.

and n molecules in the Ist cell, n, in second cell and so on, then
n=n, +>n§'-’0-1 ..................... = constant
(vi) Total energy of the systep is always constant. i.e. if E is the total energy of the system and El
is the energy of each particle in Ist cell, E, in second cell and so on, then

E=E +E+ e = constant

1.20. DENSITY OF QUANTUM STATES OF ENERGY OF A PARTICLE

The density of states gives the number of allowed electron (or hole) states per unit volume at a given
energy. It can be derived from basic quantum mechanics.

Let us consider a free particle of mass m in 3-dimensional cube of side L. The solution of time
independent Schrodinger equation

P 2mE
(7*.;‘7*_)‘”“”“7“"”"

922
The allowed energy levels of particle is

2hPn? e a2n? . a2

E,, nyn, = (ny +n§ +n§) ()
where, n
Ty
n = Th203050

The lowest energy level (ground state) occurs for n, = izy = n,=1.

Which is non-degenerate, (i) If energy levels are degenerate then there will be a very large number
of quantum states contained in (4E) small energy level. Which is represented in term of density of quantﬁﬁi
states, denoted by g(E) (i) If the particle having same energy in first excited state can be in any of the

three quantum states. Such energy level with three wave functions ¥, , ¥, and ¥, will be called three fold
degenerate. '

m—s

n—p

Fig. 1.20.1.
Statement. The density of quantum states g(E) may be defined as the number of quantum states per

unit energy range at the given energy E.

The nus i :
e number of quantum states in the energy range between E and E + 4E is given as
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I i j.e. i re are n mol
(v) Total number of molecules in a system always remain constants. i.e. if the ecules
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)

5 il ; oy
Here the spin of particle is not considered. When spin of particle is taken into consideration, like

2n
g(E) = F(Zm)yz 124

z =il ;
spin 15 for electrons, then there will be two quantum states for two possible spin orientations of the

particle. Now, the number of quantum states is given as

gE)dE = 2x%(2m)3’?fﬁ”zdﬁ

4n 1
gB)dE = F@,,.)mﬁmdﬁ o)

We can find the number of particles actually occupying quantum states in the energy range between
E and E + dE.
The number of particles is expressed as

n(E)dE = gE)f (B)dE -4
Where g(E) is the density of available quantum states at energy E.

2(E)dE is the number of quantum states available in the energy range E and E + dE.

£ (B) is the distribution function of the system, which depend upon what kind of statistics
(M.B., BE, ED.) we use.

The distribution function f(E) can be defined as the average number of particles of the system
occupying a single quantum state of energy E.

1.21. ENTROPY AND THERMODYNAMIC PROBABILITY

When an isolated system undergoes an irreversible process, there is a net increase of entropy of the
system. Spontaneous expansion of gas into an evacuated space, diffusion of one gas into another etc. are
all imreversible processes. There is an increase of randomness so entropy increases. All spontaneous
processes represent changes from aless probable state to a more probable state and in such processes the
entropy increases. There may be relation between the entropy of system in a given state and the probability
of that state. In 1896, Boltzmann, derived an important relationship between entropy and probability (a
statistical quantity). He conclude that the probability of the system in equilibrium state is maximuom.
The equilibrium state of a system is the state of its maximum entropy. If the given system is not in
equilibrium then the change take place in the system until the equilibrium state is reached and the system
attains a maximum entropy. Hence, both entropy and thermodynamic probability have their maximum
value in the equilibrium state. The relation between them is called as Boltzmann’s entropy relation
(S = klog W).

1.22. STATISTICAL INTERPRETATION OF 2'° LAW OF THERMODYNAMICS

Second law of thermodynamics cannot be derived from first law. It requires another mermodynamlcal
parameter for description and mathematical formulation. This parameter is entropy. Entropy chara.ctenses
the direction in which a thermodynamic process can take place. Second law of thermodynamics also
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RS m - P =gt ralization of many observations .
rmodynamics is a £°0° f many observations ang Sl
stands for the same. The second law of the [yn ] with the direction in which ener) ‘

i i it
i - ortant fact about this Jaw 18 that i . ! ‘
:—:::?;"mﬁ :l:::l;np:cma] practice, there is no engine possible which can convert heat from the single |

urce into useful work, without rejecting some amount of heatto a sink at a lower temperature. This jg |
S0l -

the base of the second law of thermodynamics. - ‘ |
In statistical mechanics, the basis of the second Jaw is experiences and observations that the natura] |
phenomenon must proceed from states of less probability to larger probability. The general rule states
that more ordered states have smaller probability. Hence we can state that natural processes proceed from |
more ordered states to less ordered states.

1.23. PARTITION FUNCTION AND [TS RELATION WITH THERMODYNAMIC QUANTITIES |

(a) Partition Function (z) : A partition function (2) gives information that how the gas molecules in \
a system are distributed or partitioned among the various energy levels. ‘
Consider a system of ideal gas molecules obeying Maxwell Boltzmann distribution law. Suppose |
molecules occupy i state with energy between E; and E; + dE; and g; is the degeneracy. ‘

£ |

= |
ni = gie-ae KL
\
= gAe P \ s
|
Where B = ;1? andA=¢ % . : i
Total number of molecules in the system
N = Zn,-
i
Using equation (1) we get “
) |
N i,
— = zgie PE _7 - 2)
A ok ; |
Where Z is called partition function . \
Hence : Partition function, Z = E & o PEi ..(3) |

i - |
(b) Relation with Thermodynamic Quantities : |

: (Q With Entropy (8) : The relation between entropy and the maximum thermodynamic probability l

W is given by ¢ \
_ S =klogW ) ‘

The total number of molecules for a classical system : o |

We know W= N!Hﬁni @)

MODERN'S STATISTICAL MECHANICS (B.5c. Il SEM—IV, G, um“

Where g; represent cells of i compartment.
Taking logarithm both sides, we have

log W = log N (n; logg; ~logn;")
i
Using Sterling formula,
logn! =nlogn-n, we get

log W = NlogN-N+ 2("‘ logg; —n;logn; +n;) ..3)
According to Maxwell-Boltzmann distribution law, L
n,=ge’ e PEi
= g A e PEi
Substituting n; ineq. (3)
logW = NlogN-N +2[n,~ logg; —n;log (g; A e PRy ;)

4 ’
= NlogN —N+zn,~logg,- —T‘Zrl,-loggi —ZnilogA+2niﬁEi +2ni
iy T L i i

On putting 2 n; =N (The total number of molecules)

1]
En,-Ei =E
i

logW = NlogN-N —Zni:logA+ﬁE+N
4! i ¥

(Total energy of gas molecules)

= NlogN-ZnilpgA-l-ﬂE
il :
=NlogN-NlogA+BE .
logW = NiogEA-i-ﬁE

N o .
=NlogZ+fE ' .4 { 7 = Z, partition funcuon]

Substituting equation (4) in equation (1), we have
i S =klogW
=KkNlogZ + kBE

1
= kNlogZ+k—E
kN log KT

KN log Z +% o)

w
|
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) But we know, energy for an ideal gas
3
E = —NkT
2
Putting in equation (5), we get

3
S = kN logZ+—2-Nk
This equation represent entropy of the system of ideal gas molecules.
(ii) Relation of partition fanction (Z) with Helmholtz free energy (F) :

Helmholtz free energy (F) is given as
F = E-TS

' E
E—T(kN logZ+?)

[Using eq. (5]
= E-NiTlogZ-E
F = —NkTlogZ
(éii) Relation of partition function (Z) with total Energy E :
Consider a system having N particles and average energy is given as

2 nE;

Pl

=
B S
i

Zg,-Ae_ﬂE".E,-

B 'Egi Ae PR
;

Zg,- E; e PE
Sodant o

74

For a case of isothermal isochoric transformation we can write

E

E;

BZ) E,' A
e = g X—=Xe KT
(3T v 2 2

1
- E ~E, /KT
= 2)( g’.e 1 XE"

i

. iz
e : l(rZ & . =
(n)v = ZuBe Mo zE

V&
I sem.—w,"e;;ﬁg__%
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— 2
or BE = KL(E)
Z \oT)y

Multiplying both side by N, we get

The total energy E is given by

G}
= NKkT? [— log Z ]

E aT( 0g Z) "
(iv) Relation of partition function (Z) with Enthalpy (H) :
Enthalpy can be given as

H =E+PV=E+RT

d
H = NKKT? [— (og Z)] +RT
dT \z

(v) Relation of partition function (Z) with pressure (P) of gas :

P . .
P _(_)
=

d
= NkT | —(log Z
X ‘ [av( = )]v
(vi) Relation of partition function (Z) with specific heat at constant volume Cv ¢

S ific I . gl
\ (al)v

= —a—[Nsz {ilog z}]
aT aT

F) g
= L o BT = zs :
e Nk[2T Frlos D+ T — (l0gZ)

Q 1.01. The probability of drawing a queen of hearts out of a well shuffled pack of cards is:

4 o 2
@ 3 ® >
! 2
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'EX MODE'::cd ack of cards. The probability that it is either ,
1l shu p

Q 1.02. A card is drawn out of a we!

king or ace is given by : i
s ® 7
(a) e}
Z
1 @ 13-
@ 3 Iv. The probability of showing up a sum of 8 js ,
: S imultaneous y-
Q L03. A pair of dice is thrown simi
4 _5—
@ 3 ®) 36
1
2 =
© 3% Difse:
independent events, then the probability of the

QLM Ifp,; and p, be the probabilities of two C
two events to take place simultaneously is :

@ p,+p; (b) PPy |
© p—-pP; (@ p; Py ‘
Q 1.05. The value of the probability of any event cannot be : ‘
1 |
(@ 1 ) = |
(c) zero (d) negative. ‘

Q L.06. The thermodynamic probability of a macrostate depends upon the constraints on the

system :
(b) False

(a) True ¢
Q 1.07. The probability of occurrence of anyone of the microstates of a system is :

(a) equal to the probability of corresponding macrostate
(b) called thermodynamic probability
(c) same

(d) zero.
Q 1.08. 8 particles are to be distributed in 2 compartments. There is no restriction on the
number of particles that can go into either of the compartments. The number of

microstates is :
(@ 2 ®) 4
(c) 16 (d) 256.

Q 1.09. A system consists of 5 distinguishable particles to be distributed in two equal sized
compartments. The thermodynamic probability of the macrostate (2, 3) is :
(@) 5 () 10
() 15 d) 25.
Q 1.10. Behaviour of a system can be described from the knowledge of its :
(a) microstate in which it exists (b) number of microstate
(¢) temperature of the system (d) none of these.

S’I’ATISTIGAL BASIS OF THERMODYNAMIGS AND UNIVERSAL LAW IN STATISTICS
Q 1.11. The number of most probable macrostates for a system ¢

Q 1.12. The probability of occurrence of the independent events is equal to their

isting of odd ber of

particles is :
(a) 3 ®) 1
(2 (@ 4.

(@) sum (b) difference

(c) product (d) ratio.
L ANSWERS |
1.01. (¢) 1.02. (d) 1.03. (b) 1.04. (@ 1.05. (d) 1.06. (a)
1.07. (o) 1.08. (d) 1.09. (b) 1.10. (a) 111, (¢) 1.12. (©).
SHORT ANSWER QUESTIONS

Q. 1. What is the probability of an event ?
Ans. The probability of a certain event is 1.
Q. 2. What is the probability of a random event ?

1
Ans. The probability of a random event is 2

Q. 3. What is the probability of an impossible event ?

Ans. The probability of an impossible event is 0.

Q. 4. What are the limits of variation of probability. ?
Or

What is the range of probability (P) of an event ?
Ans. The probability varies from 0 to 1. It is zero for the event that can never occur and 1 for event

that is sure to occur.
Q. 5. What is the meaning of the principle of equal a priori probability ?
Ans. The assumption of equal probability for the event that are equally likely to occur is called the
principle of equal a priori probability. e.g. when we toss a coin the probability of getting a head or tail
is equal.
Q. 6. What are microscopic and macroscopic systems ?
Ans. Microscopic system. A system consisting of a few particles is called microscopic system e.g.
electron, proton, atom, molecule etc.
Macroscopic system. A system consisting of very large number of particles is called macroscopic
system e.g. drop of water (1020 molecules), 1 cc of hydrogen atom at N.T.P. (10l9 molecules).
Q. 7. What is thermodynamic probability ?
Or
What is thermodynamic probability ? What is its minimum value ?
Ans. The number of microstates in a macrostate is called the thermodynamic probability of that

macrostate. Its minimum value is 1.
Q. 8. Distinguish between a microstate and a macrostate.
Or

Explain the difference between a macrostate and microstate ?

Viay 3, 2025, 17:51
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Ans. Distinction be!

A —a;nicrosu‘eandamac

tate i ;
Macros It is particular distribution of the particjeg

of the system.

2. Tt gives the description of the particleg 3

s placed in different compartments (¢
which particles in which compartment),

es of the 1.

1. Itis general distribution of particl

system. 5
2. It gives information about th.e number O
particles to be placed in a given number

of compartments.

Q. 9. Write down the various microstates and macrostates for system of 2-distinguishahy, |
. 9. v

particles distributed in 2-compartments. S

Ans. Two distinct particles in two equal sized compartments -

Compt. Compt. No. of microstates Macrostates
F I I b1 in a macrostate
B R @0
b my |
: a my ] 2 1) ‘
= ab my ©2 |
1

[ | ] 5

So, there are 22 microstates and (2 + 1) macrostates.

Q. 10. Explain the difference between macrostate and a microstate with the help of an example,

Ans. Microstate is the distinct state of the particles of a system. ;
Macrostate is the amrangement of the particles of a system without distinguishing them from one
another. ;
For example, if two distinguishable particles 2 and b are distributed in two compartments, then four |
distinct arrangements are (ab, x), (a, b), (b, a), (X, ab), these are four microstates. And if two particles ‘
ts without distinguishing the particles, then three states(2, 0)

e LB SOH

Ans. For indistinguishable particles, the number of microstates is equal to the number of macrostafeS-
That is, each macrostate has only microstate, '
Q. 12. What is meant by (i) meaningful and (i) meaningless arrangements ?
Ans. (i) An amangement is called meaningful, if it is in some way different from the other

arrangements. For example, when three distinguishable particles, g, b and c¢ are placed one after the
other, then we get following arrangements - v

i abe, bea, cab,
the three . :
. amangements are meaningful, because they differ from one another in some way.

: i,;&mTjﬂ(_}AL BASIS OF THERMODYNAMICS AND UNIVERSAL LAW IN STATISTICS
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(if) An arrangement is said to be meaningless, if it is similar to any other arrangement. For exaxz
three distinguishable particles, a, b, ¢ can be arranged themselves as follows :

abc, bca, cab.

However, when the particles are indistinguishable, we can replace b as well as ¢ by a. So, the
possible arrangements are :

aaa, aaa,aaa

Thus, out of the three arrangements, only one is meaningful while the others are meaningless.

Q. 13. What are the factors that determine the thermodynamic probability of a macrostate ?

Ans. The thermodynamic probability of a macrostate depends upon the following factors -

(?) Distinguishable or indistinguishable nature of the particles.
(i) Constraints on the system. -
(iii) Number of compartments into which the space is divided.
(iv) Number of cells into which each compartment of the space is divided.

Q. 14. What is meant by the most probable macrostate of a system ?

Ans. Most probable macrostate is that state whose probability is maximum.

Since probability of a macrostate is proportional to its thermodynamic probability, hence most
propable state has the highest thermodynamic probability.

Again, thermodynamic probability is equal to the number of microstates in the macrostate. Therefore,
most probable macrostate is that which has maximum number of microstates. It is found that when n
particles are to be distributed in two compartments, the most probable state is that in which each
compartment has % particles. That is, in such a case, most probable macrostate is (%, 12) ¥

Q. 15. What is the role played by the most probable state in determining the behaviour of a
dynamic system ?

Ans. For a system consisting of a large number of particles, the probability of deviation from
the most probable state decreases very rapidly. As a result, we conclude that for systems consisting
of large number of particles, the deviation from the most probable state is highly improbable. That
is, appreciable deviation rarely occurs. So, most of the time the system stays in the most probable
state.

Consider such a dynamic system in equilibrium. If the system is disturbed, it again tends to go

tate bechse the probabili is very small. It
s nén segyfiity tiegfn the t probable state.
sl @ d el m in equilibrium

state. j
Q. 16. In how many ways 5 particles can be distributed in 2 compartments ?

Ans. 25 = 32.

Q. 17. Explain the necessity of introducing the concept of a cell.

Ans. If we have a system consisting of different compartments of unequal sizes, then the a priori
probability of the particles going into a compartment is not equal, so to remove this difficulty, the
concept of cell is used.
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Q. 18. Explain the term constraint on syst ¢ be obeyed by the system. 5. Explain that when 7 is very large, the system lies in the most probable macrostate.

=

itions that m! traint on the 6. What is the probability of an event 7 A large number (n) of particl distrib i
ints are the set of conditions : ents, then cons! Systey i % ! particles are distributed in two
Ans. Cans]rml:,:m n particles are distributed in tWO compartm m compartments of equal a priori problab.lllty. Discuss analytically the variation of probability of
For example, macrostate on account] of small deviation from the state of maximum probability.
is: ix 7. Evaluate.mfmber of microstates, macrostates and thermodynamic probability for the distribution
nAm=n d n, that in the other. of four distinguishable particles in two compartments of equal size.
is th ber of particles in oné compartment and 7
where n; is e G of @) "P. (i) "C, (i) 0! V) 1°? —f*n
Q. 19. What is the Vﬂl“e. l LA = 8. Use the expression 2 =, 2 1o explain that as n increases, the probability of a macrostate
Ans. (i) n! (i) 1 (.Ill) 1 (";)iu e simullaneollSly- What is the pmbab[hty that both of Pm
Q. 20. A pair of six faced falls off, more and more rapidly even for a straight deviation w.r.t. the most probable macrostate.
them have their face 2 up ? Number of possible events = 6 ‘ 9. Explain the stable equilibrium of a dynamic system having a large number of particles.

—

10. How do you define the most probable macrostate ? What is the role played by it in determining

Probability of the first dice falling with its face 2 up = 6 the behaviour of a system in equilibrium ?
1 11. Discuss in detail the distribution of four different particles in two identical compartments and
Probability of the second dice falling with its face 2 up = ¢ tabulate the results.
; 1)( gl 1 12. What is the meaning and importance of the principle of equal a priori probability in statistical
- Probability of both the dice falling with their face2up = £ 7= 3¢ .' o : physics ?
Q. 21. Show that the probability of a microstate corresponding to distribution of N-particles 13. What is the principle of equal a priori probability ?
14. Discuss thermodynamic probability.
in two identical compartments is ;ﬁ W 15. Define thermodynamic probability and show that probability of a macrostate is proportional to
o - its thermodynamic probability.
Calculate the probability of a microstate corresponding to distribution of N-particles in two “16. Explain the concept of macrostate, microstate and thermodynamic probability of microstate. What
identical compartments ? / il 1 is the relation between thermodynamic probability and probability of a macrostate ?
Ans. In general, the total number of microstates for N-particles distributed in k-compartments is kN, 17. What is meant by the term thermodynamic probability of a macrostate ? Show that all the

So, number of microstates for N—particles distributed in two compartments = 2N

3 g ; microstates of a system have the equal a priori probability and the probability of a macrostate is
Hence, probability of a microstate corresponding to distribution of N distinguishable particles in the

directly proportional to the thermodynamic probability.
1 18. Define Microstate, Macrostate and Thermodynamical Probability and give their interrelation.
compartments = —

oN” 19. What is meant by microstate, macrostate and thermodynamic probability of statistical system ?
Ilustrate by arranging four particles into two compartments.

20. What is Thermodynamic Probability for distributing n distinguishable particles in two compartments.
1. Define the meaning of the terms macrostate and microstate. Find the probability for a macrostate and most probable macrostate. —
2. Taking the case of n particles distributed in 2 compartments, discuss the variation of probability 21. Define thermodynamic probability for ‘n” distinguishable particles to be distributed in two Lo
of 2 macrostate on account of a small deviation from the state of maximum probability. Also compartments, prove that thermodynamic probability of macrostate (n, + n,) is : N~
plot your observations, : -
3. Derive an expression for the number of meaningful ways of arranging n distinguishable balls in W (n, ny) = "' - ; Where n=n, +n, Te)
k compartments of a box such that n; balls go into the first compartment, n, in the second nlny! o= N
compartmcat gad so on, 22. Show that the probability of a microstate corresponding to distribution of n-particles in two ()
4. Derive the expression : i N
(2% compartments is 2—,, o
Po= P e, 2 %

23. Write down in a tabular form the various microstates and macrostates of a system of 3-particles

2007

fOIamehaﬁngadeviaﬁm fr S i ing the particles to be :
) distinguishable particles in two iden * Irom the most probable macrostate for a distribution of arranged in 3-compartments assuming the p:

tical compartments, (i) distinguishable (if) indistinguishable.

dn

B,
=
©
2 1
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bability (iii) constraing

0

R L

. (i) micro and macrostates (i) thermodynamic P
in twWo compartments with equal a priori pmbability‘

robability of 2 macrostate slightly different from th,

partments, prove that thermodynamj,

24. Explain the concepts of
on a system. i

25. Suppose n—particles are t© be dlsmbuletl'l
Find an expression for the thermodynamic P
most probable state. "l :

26. For ‘n’ distinguishable particles t0 be distributed in two com
probability of macrostate (7. ny) is :

n!
L wheren=nt"

W(ny,mp) = ——
> irli lalnn!=ninn—-n
27. Calculate the percentage error made in using the stirling formula lnn /= , Whep
n=>3.
36-35% - : |
28. l[’rovc ﬂm]l for a dynamic system, the fraction of the total time spent 10 any particular macrostate
is proportional to the thermodynamic probability of that state. . .3
29 ;ove that the probability of a macrostate is equal to the product of a thermodynamic probability
of 2 macrostate and the probability of 2 microstate. )
30. Discuss the distribution of 7 distinguishable particles in k compartments which are further
sub-divided into cells of equal a priori probability. ' it
of a macrostate corresponding to N distinguishable

31. Derive an expression for the probability
particles in k compartments of different sizes.
32. Define a microstate and a macrostate.
33. What is the difference between a microstate and macrostate ?
34, What is the difference between static and dynamic equilibrium ?
35. (a) Explain the effect of constraints on the system.
(b) Show that probability P (5 n— 1) of a macrostate ( n—71)
P i WD
ri(n—r)! 2"

is maximum when r = n/2, where

1. Calculate the probability of drawing a king out of a well shuffled pack of cards. [Ans.l—l3

2. Calculate the probability of drawing a queen of hearts out of a well shuffled pack of cards.

. : 52
. A card is drawn out of 2 well shuffled pack of cards. Calculate the probability that it is
B - -‘
(a) cither a king or an ace  (b) either king or ace of hearts. [Ans-- (a)%(b)—z-lg
4. If a pai ice i i :
a pair of dice is thrown smul@neously, calculate the probability of showing up a sum of :
@8 ()10 (c) 12 [ y 1 ! ;
| Ans. (@) — (b) — (c) —
% ®) 2 © %)

STICAL BASIS OF THERMODYNANICS AND UNVERSAL Law N statistics - IEER

5. A pair of six faced dice wi
5 p six faced dice with faces marked 1 to 6 is thrown. What is the probability that the sum

of the numbers which shows up is 7 2 &Ans l‘l
6

6. 2000 coins are thr i ;
Cpwarda own simultaneously. How many of them are likely to fall wiv.h[::;x ?;ggs
- )

7. A dice is to be thrown 7200 times. How many times one may expect the face 1 to show up ?
[Ans. 1200}

8. A six faced die is thrown along with a coin. Calculate the probability that the dice falls with its
face 3 upwards and the coin falls with its tail upwards. & " L-X
19

; : 1
Hint : P; (dice) = = and P, (coin) = 4
. . 2
9. Two six faced dice are thrown simultaneously. What is the probability that none of the two dice
25

falls with face numbered 6 upwards ? 36
36

5 5
int: Pp==,P, ==
Hin (L) .

10. - Two six faced dice are thrown simultaneously. What is the probability that one dice shows the

face 6 and the other does not ? ; Ans.—Sl
36
1 5
int: Pi==,P, ==
Hint 1 6 2 6

11. A box is divi&?ed. into 20 equal sized compartments. 5 balls are thrown into the box. Each ball
has equal.a priori probability of entering any one of the compartments. Calculate the probability
for the third compartment to contain (i) none of the balls (ii) 1 ball (iii) 2 ball (iv) 3 balls (v) 4

balls (vi) all the 5 balls.

(197 o ftayeifie 1} (19
Ans. () [ 2 @ [—x[2 iy [—| x|=
(20) § (20)’((20) o (20) x(m)

3 2 4 5
6L 1Y (19 1
@ ( ) X(zo) & (20) X(zo) o (%)

20

12. 20 particles are to be distributed in 2 compartments. Calculate the thermodynamic probability
[Ans. 48, 45]

of the state (4, 16), The particles are distinguishable.

the thermodynamical probability of the macrostate 2,6).

14. 8 distinguishable particles are to be distrib
Calculate the total number of microstates

the most probable macrostate ?
L
ST e

13. In a system of 8 distinguishable particles distributed in 2 equal sized compartments, calculate
[Ans. 28]

uted in two compartments of ‘equal a priori probability.”
of the system. What is the number of microstates in
[Ans. 256, 70)
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ES, MOLECULAR

[ | (NETIC THEDRY OF BAS
| COLLISIONS AND EQUIPARTITION LAW
— ES IN AN IDEAL GAS‘:".Q

I’S DISTRIBUTION OF MOLECULAR VELOCITI
ber of molecules which are always i

ther and also with the walls of the
g. We may, therefore, conclude
the value of the

2.1. MAXWEL

According to kinetic theory,
a state of motion. They are frequen
containing vessel. Hence their speeds an:
that at any time, molecules of all possible velocities

root mean square velocity of the gas molecules rem
Maxwell considered the distribution of velocities among the mo

following assumptions :
1. The gas consists of molecules with all possibl
te, its density remains,

2. When the gas is in the steady sta
3. Though the velocities of individual molecules are changing,

have velocities between definite ranges.
2.2. MAXWELL’S SPEED DISTRIBUTION LAW

a gas is made of very large num
tly colliding with one ano
d direction of motion are changin,
are present in the gas. However,

ains unchanged at a given temperature.
lecules of the gas. He made the

e velocities between 0 and .
on the average, uniform throughout.

but definite number of molecules

In a gas, the speed of a molecule varies between 0 and . If n, is the number of molecules having

velocity (or speed) u, then n is given by

= ~bu? _ E —bu?
n,6=nae = n-\/;e

where b is a constant and is given by

(221

=
T 24T
Using eq. 2.2.1, we can determine the number of molecules per unit volume having speed between

¢ and ¢ + dc, where
2 = B+’ +0? 222)

Let us consider the volume element in spherical i
lar coordin; i
i o] D) polar coordinates (7, 6, ¢). The volume of this
dnx cdf x csin6dp = c2sin 0 dc db di
The number of molecules i i
per unit volume having velocity components lying be
tw
v and v +dv, » and  + do is given by ] & T

_ 3 b+ +0?
dn = na’e ( 4 )dudvda) .(223)

To obtain the number :
Pidg e of molecules having speed between c and ¢ + dc, replace

: . dudv dw = ¢ sin 6 de
®dp ...(2.2.4)

42

- KINETIC THEORY OF GASES MBLES i sa <
» MOLEGULAR GOLLISIONS AND EQUIPARTITION Law a3 §

ey

and integrate i A
grate the expression for all valueg of 6 and ¢. Th
. Thus, we have

i A £/ 2n
¢ S na e czdcj SinOdGS do
0 0
dn, = 4z pgd o 2de I

The speed c is independent of § and ¢. Putting the values of constants a and b
aand b as

4 d
\27kT e

m
_——, we get

2kT

27k T

which is known as Maxwell’s distributi
ution law for speed i i
gases and for the transla‘tional motion for diato;isc am'lS ;«fylm:x)tl:cnu"ﬂces 3 AR
The probability that its speed lies between ¢ and ¢ + dt:y s

o 3/2 mc
e = 4nn( ) ¢ e 2kT 4o

3/2 mc*
) o2 s

dn,
—< =P@)=
o (©)=4n (2nkT .(2.2.:6)
Tz
dc
cdf
csin 6 do
(4
(o) 3 ;x
do
y
. . Flg. 2.2.1
Discussion of the Maxwellian Speed Distribution Law
(i) The probability function for a molecule to have speed ¢ is given by
MC2
U22T)

. 3/2 5
P = 4 2KT
e “(ukT) £

When c=0P(@©)=0,




=

BE— T R ) ODER
e T . : e —
in . the probability of a molecule having zero speed is zero. e A e
thus, the p 2 At most probable speed P (c) is maximy SIONS AND EQUIPARTITION LAW 7
2 —_— m
(if) At low values of ¢, when 2_<)ithen, ¢ BT 1
2%T o % P© = 0andc=c
3/2 | < 3
g “”(arr) 2 ey o
: . . So 4 (— 2ae o v 2k 2 2me
This shows that P (¢) & 2, therefore, P (c) increases with the increase in value of c¢ ; reaches 4 27kT m +cpe 2KT | —— ) =0
maximum value at a particular value of ¢ equal to c,, called most probable speed. When c is furthey L A
mc” mc,z,, B 2
increased the function P (c) behaves as e 2kT and falls exponentially. : “ - or 2c,,e 2kT 1_ﬂj| =
§ kT
r 4 , ' ; 2
1 400K or Tkt TN
2kT
2
s or Wt 3
T U 1600K < KT L
1 |
| 1
§ 2kT kT
N or = fee
i { L Cm = J ] J— -23.)
Crnax Crax . i
i 3 ; (i) Mean or A T ! .
c : Bl olreies @ the n:fnl‘;egre meg;l eI: is defined as the ratio of the sum of the individual speeds of the
' |
: o | z (nr G ar oo HCh
. m(x{i) This equation (2.2.8) show that | P (c) I ,,, decreases at higher temperature and ¢, increases | he 5
;:ak mvdmmd;;mmasmmo‘;mﬂiwé ; !21;2 gmperatums, the most probable speed c,,,, increases and W ‘fl';:l‘; 1:)21; :l;:;htyfun; :i:; :r:otth: SPchs “(l>f tthe t'lu;divi(:::ld molecules and 7 is the number of molecules.
s - (22. . : molecule to have s c is given by
(iv) The total area under the curve is always unity as it gives the total probability for all values of
c from 0 to . = _me
2.3. EXPRESSI e ( m )2 GH
-3, ION FOR MOST PROBABLE SPEED, AVERAGE OR MEAN SPEED AND 2k )
ROOT MEAN SQUARE SPEED . Average or mean value ' Lo
N
() Most probable speed (c,,) ® —
It i ; c = )
mme:;i‘ﬁ"“ as the speed possessed by the maximum number of molecules in a sample at a given i J aple)de Z
According to Maxwell’ istributi e 5 ~
i an?i s isegj : el::yfor distribution of speeds, the probability in speed having velocity (
© 3 2 =
— mc’
3 2 3 2
dn, Lo - ac? ‘ = I ¢ 4::( ) e 2kTgc
T = P(d)= 4”(2 kT)2 (,'2 e 2T J‘ 3 2k T %
: s, E b/
Differentiating both sides w.r.t. ¢, we get ) . F
3 2 t % me’
d 5 me - . 1
L) « 4”( m \2d 2 AT { Usnngmemtegral,J e kT de= —3 Y
dec 27kT) de [ 0 2 _ﬂ_) D
2kT '




o emaniee (B.Sc. Il SEM-IV, @

we get m3/2 l(sz )2
= x=—
=4n——3/2 2\ m
3 (ZJrkT)al

2
3/2 (2kT)
s
7w (2KT) i

KT :
= 8_"I=1.59\/; (23
am

rms’ |
i the squa ¢ root ofmean Ofthe

e lor (C )- Itis deﬁned as re r

(nﬂ Root Mean square SM le S

of‘“‘ W of all the maleades. 9 Lare

|
The mean square speed is given By

Ll fczP(c)dc
0

EHINETIC THEORY. OF GASES, 440 EE UL AR SO LTSNS o BRI PATTON AW

Example 2.1 Calculate root mean s

pmbable velocity. Given k = 1-38 x 10723 jg-1

Solution. Given T

([l

k

m

I

.. Root mean square velocity of hydrogen molecule

| = /3kT
m

_[3x1-38x1072 x 300
3-34x107%

The most probable velocity

¢ =,2k—T'\J
max e
m

=1.928 x 10713 ms~!

[2x1-38x1072 x300
3:34x107%7

2.4. EXPERIMENTAL VERIFICATION OF VELOCITY DISTRIBUTION

quare velocity of hydrogen at 27°C. Also find most
and mass of hydrogen molecule = 3-34 x10-%7 kg.

27 +273 = 300 K
1.38 x 1023 JK-!
3:34 x 102 kg

=1.574 x 10° ms~\.

R

Zartman and Ko (1934) performed an experiment to study the distribution of velocity. The apparatus
consists of an oven with an opening at A. S; and S, are two parallel slits. A drum D can be roated
about an axis passing through O. P is a glass surface on which a beam of silver atoms will get

= 3
Usingd:mgtalfc4e %uT ge = 5
0

where Ic| s called root mean squae speed

deposited (Fig. 2.4.1)

Metallic silver is melted in the oven. A beam of silver atoms is

ejected through A. The drum D is rotated with a speed of 6000 /
r.p.m. approximately. When the drum is stationary, the silver atoms
get deposited at the same point on the glass plate. When the drum
is rotated, a fine beam of silver molecules enters through the slit
S3. Molecules with very high speeds reach the plate P first i.e. on S,
the right end of P and molecules with very low speed reach the

other end of the plane. After a short time, sufficient quantity of is,

silver is deposited on the plate. P. Using a spectro photometer, the —_—

relative intensity of silver on the plate P is studied and this represents S,

the velocity distribution of the molecules. The graph representing

the number of molecules and velocity agrees with Maxwell's A

distribution of velocity.

In 1947, Estermann, Simoson and Stern designed a more precise

apparatus to study the velocity distribution.
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e re 1078 llq'
; «en emerge from the OP¢ chamber (pressure mm of

e aw’?‘hls ﬁt;’umlem ip;'\u:lr:ui is enclosed in an ema?flengmvilational Fald, cestun i “;g’).
tungsten wire. The whol S | O the absence of 8 Lt -

5 i slit S & rizontal. Sebola. -
B ‘mt}:1 i avitational field, the il aﬂ[:s 1 and 2 reach at D S al°ﬂ&
strike the wire at B. But due m. e %e o il Jlong the Pizh : % D2 |

3 do not reach the wire. . S 80 il Thehpath 2
gpgca::'elv. The velocity of atoms 1n path 1 is higher

Fig. 2.4.2

When cesium atoms strike the wire they gest’ jonized and re-evaporate. The.y are collected bya
negatively charged detecting cylinder surrounding the tungsten wire. The magmtudt.a of the detecto; |
indicates the intensity of the atoms at various positions. The detector can be mov?d to different POsitions ‘
of the wire. The atoms reaching at D, have higher velocity than those reaching at D,. The verticy|
height of the detector represents the magnitude of the velocity and the ionization current indicates th |
number of atoms making the wire in a particular point. A graph is drawn between the ionizatiop |
current along the y-axis and the vertical height (speed of the atoms) of the detector along the x-axis, |
The velocity distribution is found to be in agreement with Maxwellian distribution law of velocity,

2.5. MEAN FREE PATH

According to kinetic theory of gases, the molecules of a gas are moving with very large velocities |
even at ordinary temperature. There is no force to restrain their motion and hence the gaseous mass
contained in 2 vessel should disappear in no time which is contrary to the actual observations. Thus,
there was 2 serious objection against the assumption that the molecules of a gas move with large |
rectilinear velocities. This difficulty was solved by Clausius who assumed, the molecules of a gas have |
a small but finite size. These molecules collide with one another after short interval resulting a change
in both the magnitude and direlion of the velocities of the molecules.
| Smt_:e the molecules exert no force on one another except during ‘collision, they move in straight

lines with constant speeds between the two successive collisions, Thus, the path of a single molecule
e a‘:ﬁm"f @ short 7ig-2ag paths of different lengths as shown in the Fig. 2.5.1. These paths of
i oy mf;’f ;’:e@ﬂﬁi the free path of the molecules and their mean path is called mean free path

s path is defined as the average distance traversed by a molecule between W0

successive collisions, Thus, if ) -
then, we have Fir By +y are the successive free paths travelled in total time

e |

« STATISTICAL VECHANICS (B.Sc. Il SEM-1y; o
MODERN'S A (Fig. 24.2) S is a slit and p is < KINETIC THEORY OF GASE: B

e Fig. 25.1
If N is the total number of collision suffered i.e. the free paths traversed in time 7 and A is the mean
free path, then we have

Expression for mean free path

Let us consider a gas having n molecules per unit volume. Let us assume that only one molecule
which is under consideration is in motion while all the others are at rest. If 0 is the diameter of each
molecule, then the moving molecule will collide with all those molecules, whose centres lie within a
distance 0 from its centre as shown in Fig. 2.52.If v is the velocity of the moving molecule, then in
one second, it will collide with all the molecules whose centres lie in a cylinder of radius ¢ and length
v i.e. within volume 77 02 v.

Thus, the number of collisions made by the
molecules in one second /\
N=x 0% vn 2 . ‘\‘
where n is number of molecules per unit volume. : = "f X
As the distance traversed by the molecules in v ‘\,:'
one sec is v, therefore, the mean free path is given
by
Fig. 25.2
% Total distance traversed in one sec
" Number of collisions suffered by the molecules in one sec
ki g oul -251)

4 0'21)" 4 02n

This expression has been derived by assuming that only one molecule under consideration is moving
while all others are at rest which do not represent the actual state of affairs. Therefore, Ma).twell
assumed the realistic assumption that all the molecules are moving with all possible velocities in all
possible directions and found the results by applying distribution law of molecular speeds. The exact
results obtained by him is X

1 (25.2)

t = Galwon)
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m MODERN'S STATL ;
p. where P is density O

If m is the m
for the mean free path

ass of the molecule, then mn =

becomes
m

S
(xo0)
10 the density of the gas.

" N jonal
th is inversely proportiona of the gas is given by

an free pa
Z‘forr;f:r":: kjnf;tic theory of gases, the pressure
: =
P = =py

3 P

where 2 is mean square speed of the molecules.

But v = where k is Boltzmann constant and T is absolute tem|
ut - = — >
m

1 3kT
RS 3P
m kT
or o = —1-;
Using this value in eg. (2.5.3), we have
kT

3 \/5 (:r 02P)

gas and inversely proportional to the pressure of the gas.

is 2 x 107 cm. Deduce the mean free path under the following conditions :
(i) pressure P x 1075, temperature T
(ii) pressure P/2, temperature 2T.

<TICAL MECHANICS (B.S0. Il SEM—V, g

'

f the gas. Thus, the expreS;io
L

perature.

. ..(2.5‘3)

~(2.54)

This is expression for the mean free path in terms of absolute temperature and pressure of the gas,
According to this relation, the mean free path is directly proportional to the absolute temperatue of the

Example 2.2. The mean free path of molecules of a certain gas at pressure P and temperature T
|

Solution. According to Eq. (2.5.4) mean free path at pressure P and temperature T is given by

= i
\/5(7[021))
(i) The mean free path at P x 10~ and temperature T will be

kT

b= \/Z_(naszIO"6)

~

1

7 = 106 and 4, = 1067
or
)'] = ]06X2X10_5Cm=20cm

(i) The mean free 3 E
path at pressure 7 and temperature 2T will be

12 = k2T = 41‘\’1‘
\/Enaz(g) ‘/5”‘721’
2

iC THEORY O

KINET F GASES, MOLECULAR COLLISIONS AND EQUIPARTITION LAW

L
A

Ay = 4xA=4x2x105 2
= =8
Example 2.3. The diameter of the m s

=4

at NTP. olecule of a gas is 2 x 10-10 m. Calculate the mean free path
Solution. Given, 0 =2x1010m
T = 273K
P = 1.01 x 105 Nm2
k = 138 x 102 JK!
S 1 kt 1-38x10”2 x273

V2(70?P)  V2x3-14x4x107% x1-01x10°

= 2.1 x 107 m Ans.

Example 2.4. Calculate the mean free path and collision frequency of air molecules at 0°C and 1
atmosphere pressure.

Given 0 =2 x 10710 m, n = 3 x 1025 molecules m2, v =107 ms..
Solution. Using the relation,

ot s
27 no?
1
we get A=
V2 x3:142x3%10% x 410720
A=2%x10"m
o 7/
Collision frequency = LSLO] ) =5 x 101 Hz.
Akt 95107

2.6. TRANSPORT PHENOMENON IN GASES

From kinetic theory of gases, we find that the molecules of a gas are in continuous random motion
moving with different speeds in all possible directions. Hence they carry mass, momentum and energy
from one region to another. If the volume of the containing vessel is small the gas might be in
equilibrium, but for large volume, the temperature and pressure may not be the same at all points so
the gas is not in equilibrium state and hence there is transportation of mass or velocity and momentum
or energy from one region to another.

Those phenomena which can be explained on the basis of molecular motion are called transport
phenomena.

The transport phenomena are the results of the natural law that energy system in nature tends to
attain the state of equilibrium, if allowed to do. In gases, the following three cases may happen :

(i) The molecules of a gas in diffferent layers may be moving with different momentum. They will
attain the state of equilibrium, if the momentum is transported from one layer to another. This
phenomenon is termed as viscosity.

is described as thermal conduction.

(i) The molecules of a gas in different layers may be having different temperatures. So that
equilibrium state is attained, heat energy will be transported from one layer to another. This phenomenon
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Coy o ' Vla ers may
(iii) The molecular concentration :;I'ed,’gir::;” iiﬂ’use fro!
ilibri les and hence
equilibrium, lhe. molecu
is called diffusion.

M
2.7. VISCOSITY (TRANSPORT OF MOMENTU )

ing' f layers r_————z———’—\
Consider a gas flowing in the form of 1ay! o b ‘

parallel to XY-plane along the direction O

[Fig. 2.7.1]. The velocity of the gas Jayer In

i gy be
contact with XY-plane is zero. Let Z

the layer A, then velocity of layer B (ata distance

az
I
velocity gradient along OZ. If ¥ is velocity of % 4
| A

dv ..
A above A) will be u+).z_— while that of the

s (8500 SEMA g

-

i order to attaij o

be differet e stag of JEEEHINETIC THEORY OF GASES, MOLECULAR GOLLISIONS AND EQUIPARTITION LAW
|
0|

m one layer t0 another. This phep,

Dmeh

layer C (at a distance J below A) will be o -
dv
v—A—.
d=
Y :
—

Fig. 2.7.1

Let n be number of molecules per unit volume of the gas and ¥ is the average speed of the

molecules.

Since the molecules have a tendency to move in all the directions i.e. the probability of the existence

of molecules along any of three co-ordinate axes is the same.

Lagmolemlesammovingalnngeachofﬂ]ethreedimcﬁonsx,y, z.

-"- Number of molecules moving along z-axis = g

. :
Out of these, = are moving downward and g are moving upward.

- Number of molecules crossing the plane A upward or downward per second

: Harid
Ifm“m‘mdmhmohcme,ﬂu

.. Momentum carried b
Y the molecules from layer B to layer A per unit per unit area per second.

1 -
=5 =mny (v +A ﬂ
. 6 dz
and momentum carried by the molecules from layer A to layer C per unit area per second

1 L
= —mnvtu—lﬂ)
6 dz

net momentum transferred in the downward direction per unit area per unit time of layer A
=58 dy dv
(v +4 —) =
dz dz

= —m e
3 nv %

This is rate of change of.momentum and is force and we are considering unit area, so this is the
viscous force acting on a unit area of a layer A. So

So,

1]

|
S
3
<

.27.1)

1 —dy
ES=i= A— (272
3 mnuv T ( )
According to Newton, the viscous force acting on the unit area is given by
] dv
E=in— 243
n = ( )
Here, 7] is coefficient of viscosity of the gas.
From equations (2.7.2) and (2.7.3), we have
L lm nv Ad—v
Ty T3 dz
=
or N = —mnvl
3
Also, mn = p, density of the gas (274
Therefore, N = % P v La2.5)
Discussion. The average velocity and the mean free path of a gas molecule are given by
- 8kT
5 = A, (2.7.6)
am
1 @17
and A = ___2 fed ]
V2 and.
Putting Eq. (2.7.7) and Eq. (2.7.4) in Eq. (2.7.5), we get
avy ~(277.8)

s 3xﬁnn02
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From this equation, we find that“j

Effect of gas molecule
@ _of mass gﬂs iscosity of @ gas varies directly as the square root of the magg o1,
as gy </m the coefficient of viscosity ; Y e

for a lighter gas 1
s molecule. Therefore, value of 77

3 (i) Effect of temperature of the gas

as g JT the coefficient of viscosity of a gas
und to vary as T%

varies directly as the square root of the absoly,

7 the gas. In fact, 77 is fo where x lies between 0-6 and 1.0,
temperature of the gas. t
(iii) Effect of molecular diameter

As g x_l_ the coefficient of viscosity of a gas varies inversely as the square of the ”‘Olecma,
diameter.
iv) Effect of pressure . .
;'he)’ caeﬁiciempaf viscosity is independent of pressure of the gas. Thf: rfaason is that density of 3 o
is directly proportional to the pressure (p  P) while mean free path is inversely proportional to g,
pressure (2 x i) and, therefore, the factor p A in equation (2.7.5) will be independent of pressyr,
The coefficient of viscosity is found to be independent of pressure over a wide range. At very loy
pressures only the viscous force depends on the pressure.

2.8. THERMAL CONDUCTION (TRANSPORT OF HEAT ENERGY)

Consider a gas at rest in the form of layers
parall to XY plane [Fig. 2.8.1]. Suppose a

dT
temperature gradient Tiz— exists along OZ.
Let 6 be temperature of gas molecules in a
layer A The temperature of gas molecules in
layer B (at 2 distance 1 above it) will be
daT
THZ and that of layer C (at a distance

A below it) will be T—l?, Due to
74

lemperature d]ﬂ'm heat ene; 5
from layer B 1o layer C. iy

e, o U 43

Fig. 2.8.1

SeARSTIGAL MECHANICS (B.Sc. Il SEM.-jy;
MODERN'S ‘
< KINETIC THEORY OF GASES; MoLE .
; ¥ A we get FESUKIN L ‘CULAR COLLISIONS AND: " -
' Bq. (27.6) and g, (27:7)in B&: (2-7-5;’k‘T ; A AND EQUIPARTITION LAW
Putting Eg. (=7 o= N et n umber o molecules e . - .
7= gm n 7[;1’ S \/'2‘ an 02 '(2.7_9) molecules. Per unit volume of the gas and v is the average speed of the

ince thi
Since the molecules have the tendency to move in all directions i.e. the probability of the existence

of the molecules along any of the three axes is same. Let us assume that - molecules are moving

along each of the three directions x, y and z.

.. Number of molecules moving along z-axis =

w|S

f th 1 i n
Out of these, — are moving downwards and  are moving upward.

-". Number of molecules crossing the plane A upward or downward per second
DR s
e — LT

6 6

If m is the mass of each molecule, then amount of heat carried by the molecules from layer B to
Jayer C per unit area per second

S1- at
= 6mnvCu[T+).dz]

and amount of heat carried by the molecules from layer to layer C per unit area per second
1, = dT
= —mnvC, | T—A—
6 dz

So net amou of heat energy transferred in the downward direction Per unit area per unit time of

layer A,
dQ 1 - dT dT
Al 6mnvCu {(Ti—sz = T—Az)
dQ 16— dT
or == = =mnVviC,— (2811
a 3 Y dz 2ot
Since amount of heat energy transferred across two layers PEr unit area per unit time is given by S
dQ dT ~
= = K (282 :
; dt dz 232 s
where K is the coefficient of thermal conductivity.
From Eg. (2.8.1) and Eq. (2.8.2), we have —
1 o=
K = gmn vAC, (283) 2
This is the expression for thermal conductivity of the gas. >
— - U
Discussion. The average velocity v and the mean-free path of a gas molecule are given by =

_ [SkT (284

V" \'m




1
J2ano®

and A in Eq. (2.8.3), we get

1 8kT 1 c
3 P v
3 "N m \/Z—nnaz

and

A=

Putting these values of ¥

K=
2 [kmT
or K = 3;2— —?—Cv
Since thermal conductivity 77 is given by
2 [lmT
7 302\
K=17nC,

SO . .
From Eg. (2.8.6) we find that coefficient of thermal conductivity is :

(i) directly proportional to square root of the mass of the molecule.
(i) directly proportional to the square root of the absolute temperature of the gas.

(iif) inversely proportional to the square of the molecular diameter and
(iv) independent of the pressure of the gas.
2.9. DIFFUSION (TRANSPORT OF MASS)

MODERN'S STATISTICAL MECHANICS (B.Sc. Il SEM.—IV,"Q‘@

...(2‘&5)

"'(2-8-6)

-(2.87)

MOLECULAR CoLiisiois AND EQUIPARTITION LAW = =

ince the molecules haye : ' r
S tendency to moye In all directions i.e, probability of the existence of

molecules along any of three coordingtes is same. Let us assume that - rd molecules moving along
3

each of the three directions x, y, .

.. Number of molecules moving along z-axis 1
5

1
22 : 1
Out of these, 6 th are moving downward and 3 th are moving upward.

If ; is the average speed of the molecules, then
Number of molecules crossing the plane A upwards or downwards per second = —v.
6

.. Number of molecules crossing the plane B downwards Per unit area per second
l; dn
6 dz
and number of molecules crossing the plane B upwards per unit area per second

(n+).

aM dn

Consider a gas in the form of layers
parallel to XY-plane. Let n be the
concentration (number of molecules) per unit
volume) of the molecules in layer A and a

dn
concentration gradient equal to d—z exist
along OZ [Fig. 2.9.1]. The concentration of
molecules in layer B (at a distance 4 above

UNIT AREA

(A zzzmy -

onil) dn
it) will be n+}'¢_iz— and that in Jayer C (at a

distance / below it) will be ﬂ-;ﬂ. Due to
74

difference in concentration of molecules in
layers B and C, molecules will crogs from
layer B to layer C.

dz

dt

=(Z9.1)

1=
=v (n ) d—")
plane A in the downward direction per unit
area per unit time.
= dn
—vlln+ti—|-|n—-1
6 [( dZ) (n
1- 1 ﬂ
The rate of flow of molecules across any plane
dM ﬂl-

6 dz
aM 1
dz
ar dz

.. Net number of molecules Crossing unit area of the
v
dt 3
Per unit area per unit time is given by
=(2.9:2)
where D is called the coefficient of inter-diffusion for two gases and coefficient of self- diffusion for the

same gas.
From Egq. (2.9.1) and Eq. (2.9.2), we have

1=, ~(293)
3

D

This is the expression for diffusion coefficient.

Fig. 2.9.1

Discussion
s QLT
" Nam

Since, v
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= ¢ 3
and A= Jfomaon

uation (2.9.3) becomes
T 1T 1
D = 3\am amo'n

B
Since, T T

Ta/BET0 1L o
D= 2\ am ana’n

From this equation, it follows that

(j)as Dx -J1=, the coefficient of diffusion of a gas is inversely proportional to square root of the |
m |

|
mass of the gas molecules.

3
(i) 2s Do T2, the coefficient of diffusion of a gas is directly proportional to three half power of
the absolute temperature of the gas.
Experimentally, it has been found that D & T%, where x varies between 1-75 to 20.

1
(iii) as D“o_z the coefficient of diffusion of a gas is inversely proportional to square of e

molecular diameter and

1
(v)as Dax— o, : — i

p 1 coefciens of difusion of a gas is inversely proportional o the pressure of il
gas,

JETIC THEORY OF GASES, MOLEGUL AR GoIf iciic -«
- KNET! OHECULAR COLLISIONS AND EQUIPARTTION LW~~~
2.10. RELATION BETWEEN 7, k anp : '
/——_\

(K) and coefficient of diffusion (D) of 5

3
2(k)z _T?
D Sl
m2 o*P
3
5 2 (ﬂ)z |
o " 302 mP\ 7

D

The mathematical expression for coe

8as are given by

B > B

fficient of viscosity (17), coefficient of thermal conductivity

_ 2 [kt
= 302 7!3 - (2.10.1)
2 [wmT
K = e ?Cv (2102)
and
3
D= 12T ("_T)Z
302\/;P /4
3
or : D= —*2 —k T3
306%2P\ 22m
Since P =n kT
2 kT
D = —302n o -(2.10.3)
From Eq. (2.10.1) and Eq. (2.10.2), we have
KR
n
or K=19 Cu -(2.104)
From Eq. (2.10.1) and Eq. (2.10.3), we have
Dt il
1 mn
But mn = p, the density of the gas
— =p
i Ui
or D=1np -(2.10.5)
From Egq. (2.10.4) and Eq. (2.10.5) we have
e Kool (2.106)
C, p

Eq. (2.10.6) give relation between 7, K and D.

Example 2.5. The viscosity of oxygen at a temperature 27°C is 200 micropoise. Calculate the

Solution. The coefficient of viscosity is given by

1 =
= —mnvi
n 3 Y

diameter of molecules of the gas. Avogadro number is 6:023 X 1023 and molecular weight of oxygen
Is 32, k = 138 x 1023 JK-1.

HariMohan May 3, 2025, 17:52




B 0w
x-ﬁﬂa”

muv
= =g
"= 3f2n0

B
7= 3oy

v " \am
,__m [T
a=3ﬁn” Jm

, 1 [smkT
or RN/ TP .
e 7 = 200 micro poise = 200 x 105 poise = 200 x 102 Nm2 s
M_ 32x107°
" N 6-023x10%
k = 1-38 x 1023 JK!
T = 27°C =300 K
1
2 X
3x4-14X3-142 %200 X107
[8%32x107% x1-38 x10~% x 300
| 6-02x10% x3:142
Solving, we get
0 = 3968 x 108 m.
2.11. BROWNIAN MOTION

ammfa’ :""’"Z" u";:fwn is the random movement of particles in a fluid due to their collisions with othér
Yari s’:: pe;s io: T}n; phenomenon was first discovered by Brown in 1827. He was examining ¢
1 of fine inanimate (dead or lifeless) spores using a high power microscope. He

served 2o
colloidal gﬁ:ﬁ(:: ;e' “ were, m""mii in a ra.ndox? manner. It also has been observed that when
like stars of light moving to and fr, ghly magnifying microscope, the suspended particles appelt

» tapidly and continuously in random manner, Every particle

5
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Fig. 2.11.1. Brownian Motion

It has been verified by different experiments that the motion of the suspended particles is not due

to chemic‘:ial beljalviour or electrical nature. On increasing the temperature of the liquid, the motion of
suspended particles become more vigorous. The motion of particles also depend upon the size. The
smaller the size of molecules, the more irregular motion it requires.

; The Brownian motion may be explained, if the suspended particles are considered as buoys (floating
bodies) in a sea of molecules. The thermal energy of the solution is shared among all the suspended

particles and the average translation kinetic energy of each particle is %kT . Due to impacts of molecules

from all sides, a molecule experiences a resultant force in a certain direction. When the size of molecule
is large, the force due to impacts get balanced from all sides hence the motion is less agitated. Whereas
the force for smaller molecules are unbalanced and the motion is more agitated. Brownian motion is the
basic assumption of kinetic theory of gases. Transport phenomenon in gases, molecular speed etc. can
be significantly explained using concept of Brownian motion.

2.12. DEGREES OF FREEDOM——

.+ The total number of independent quantities or coordinates required to describe the configuration

of a dynamic system is called its degrees of freedom.

(i) A particle moving along a straight line can be described by its displacement along the axis of
motion, so it has one degree of freedom.

(if) A particle moving in a plane can be described by its displacement along two axis, so it has two

. degrees of freedom.

(#ii) Similarly, a particle moving in space has three degrees of freedom.

To find degrees of freedom

In the above cases, we have considered a particle as a point mass which cannot unde.rgo mtaﬁ9n.
But a particle of finite mass can have translational as well as rotational. motion and rotational motion
can also be described by three independent coordinates, hence a rigid bOf{y has t!Eree.degrees 9f
freedom due to translational motion and three degree of freedom due to rotational motion i.e. total six
degrees of freedom.
articles, each particle has three degrees of freedom, so
all. If the particles are not free but move in space such
ant, then co-ordinates required to describe the system
that the number of degrees of freedom of a

Let us now consider a system of two free p
the system will have six degrees of freedom in
that distance between them always remains const .
is therefore five. Thus we can generalise the observation

HariMohan May 3, 2025, 17:52
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dynamic system can be obrained by xltl_f’;‘n:;: ]fosiri!?"-f of
: X ired to Spec] :
number of coordinates require i :1 o particles possess k inde

If a system has N particles an
number of degrees of freedom,

f= 3N -k
S mﬂm!omz::ﬂlﬂ ;::c;:ll:z Ne, Ar, He etc. consists only of one atom.
?he molecule of a mon oy
3 f=3x1—0=3 [7
ie. a monoatomic gas molecule  possesses v
3-degrees of freedom.
(i) For diatomic gas molecule

The molecule of diatomic gas like Hy, 0,, N, efc. has
two atoms in it. (Fig. 2.11.2). This molecqle has thr.ee
degrees of freedom due to translational motion about 1.ts
centre of mass and the molecule can rotate about the axis

- KNETIC THEORY OF GASES

la] ‘

OY and OZ axis both perpendicular to each other 1:.e. two 7
degrees of freedom due to rotational motion making the
total 3+2=35. 4
Also if we put N=2k=1
f=3x3-1=5 Fig. 2.12.1.
ie. a diatomic gas molecule possesses 5 degrees of freedom. —
—o—
(iti) For triatomic gas molecule
The molecule of a triatomic gas like SO,, H,S, etc. Fig. 212
has three atoms in it.
(a) In a linear molecule
Here N = 3, k=2 [FIg. 2.12.2]
f=3x3-2=7
(b) In a non-linear molecule
Here N = 3, k=3 [Fig. 2.12.3]
SERBPHENIS6 Fig. 2.123.

It may be noted that at temperature (= 5000 K) when vibrational motion excited up*. The diatomic
(or polyatomic) gas molecule will possess vibrational degrees of freedom (2-degrees of freedom for

qiﬂlomic and two or more degrees of freedom for polyatomic gas molecule depending upon whether
linear or non-linear molecule).

2.13. LAW OF EQUIPARTITION OF ENERGY

1t states tha, for any system in thermal equilibrium, the total energy is equally distributed among

all the degrees of freedom and energy associated with each degree of freedom is lkT

According to the kinetic
iven by

W -,

of gases, the mean kinetic energy of a molecule at temperature T

B

e molecules of i
Cl, gas possess vibrational degrees of freedom even at room temperature,

PARTITION LAwW
1 3 63
Pl —K
> T
But 2= 2 +12 4,2

So uZ = U2=W2
1
e %) 1
Dl ‘mvz=lmw2
1, [1
or =mc = '3 —muz] =3 l 2| l 2 3
2 2 ™V | =3 gmw = SkT
1
So we have Emu2 = 11(1‘
Lol &
2"") = EkT
1 5 1
2mw = EkT

Therefore, the kinetic energy associated with each degree of freedom = L KT
SiL.

Thus, the energy associated with each degree of freedom (whether translatory or rotatory) is lkT.

2.14. SPECIFIC HEAT OF GASES

Specific heat of a substance is defined as the amount of
unit mass of substance through 1°C (or I K).

. Generally, we take one mole of a substance in all chemical processes and the specific heat for one mole
is called molar specific heat. Molar specific heat of a substance is defined as the amount of heat required
o raise the temperature of one mole of the substance through 1°C (or IK).
‘ These definitions are true for all gases. But when a gas is heated, there is an appreciable change in
1ts pressure and volume. The physical condition under which heat is supplied i.e. at constant volume
Or constant pressure determines specific heat of the gas. It is because of this reason that a gas has two
specific heats. ;

1. Molar Specific Heat at a Constant Volume (C,). It is defined as the amount of heat required
10 raise the temperature of one mole of a gas through 1 K, when its volume is kept constant. It is
denoted by C,) and is measured in J mole~! K. .

2. Molar Specific Heat at Constant Pressure (Cp). It is defined as the amount of heat required
10 raise the temperature of one mole of a gas through 1 K, keeping its pressure constant. It is denoted
b C, and is measured in J mole ! K-1.

heat required to raise the temperature of
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2.15. SPECIFIC HEAT OF MONO, DIA e Possessfdegrees B tikaom AL o M Constant v,
= ecu

as Mo
Consider one mole of a gas. Let each &

LAR co

LLIS| '
i IONS AND EQUIPARTITIQN LAW m Zq e
Ume, 2
e Mgy o

: *s number.) RN
s contains N molecules (N is Avogadro’s ""_ Nf o v 2 R
ek Total degrees of freedom of the system -from Jaw of equipartition of energy, the Amoyy,
If T is the temperature of the system, then o or (o) e
| s AT Eq. (i) b2
. i f freedom is 5 %%+ From Eq. (i),
o g 2 - Molar specific heat at constant pressyre,
Total energy of the system, !
: 3
=8N —kT) C = (1+—)R ==, e
U= N ( 2 4 ! )
5
U= iRT : 6, = ER
e : le of the gas. From Eq. (iii),
= where Nk = R is the gas constant for one mole (0 3 gas. R afi3 SN DE AT ik g
The mole specific heat at constant volume is given by 7
d
=£=—£RT} - 7=1+3=(1+3
W G =2 : - 2
A 5
or C, = ER (215 or e S =16
. : t ure is given b A (%) Molar specific heat of a diatomic gas. The molecules of diatomi :
For an ideal gas, specific heat at é:on:tag P:Blis fual y S0Jeto:; Have two atomitaR] of diatomic gases such as H,, O, N,
14 ) At ordinary temperature (250 K to 750 K), the molecule of a diatomic gas possesses 3 degrees of
iR +R freedom corresponding to translational motion and 2 degrees of freedom corresponding to rotational
@u 2 : motion. So total degrees of freedom is 5.
Le. f =5
f From Eq. (i),
o] Cp : (1 +E 2 . o e215)) Molar specific heat at constant volume,

And the ratio of two specific heats of the gas is given by

f
3 » C, = ER
EE=SlIR ‘
= & = *_( 2) = : or Ch= éR
¥ = 2
© f !
ER From Eq. (ii),
Molar specific heat at constant pressure,
2 f p)
= V= “‘7 (2153) C, = (1 +5)R = (1 +5)R
e, ::f miq;ﬁ.sls.l). (2.15.2) and (2.15.3), we can calculate the molar specific heat of m(;no, dia and ] 7
P 4 ) . e : or C.=i=R
Ne ﬂ: “"m MMC atol::! ;(f’ a u?moml wz:lzm g:s The molecules of monoatomic gases such as He, Afl: i i P ol 2
Gacarse . . € of a monoatomic gas h th m O rom Eq. (iii), (o8
; ?honzl motion, "HC 8as has three degrees of freedo Ratio of two specific heats of the gas
i f= :
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Ar high temperature. The i
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corresponding to vibrational m: pe7

So 5
csz=—R
So vign 2
7 9
—(R = =R
- +3)r - () -3
219
e e ==—=11:28
kel y=1+f 1 277

X f triatomic gases such as CO,, SOZ,
iZi i jatomic gas. The molecules o
(i) Molar specific heat of tria
H.S eic. have three atoms each.

For = r freedom
non-linea molecule, the triatomic molecule pOSSesses 6 degrees of
3

ie. f=6
= l+iR=(l+é)R = 4R
% =" 2
2 2 4
= e =l —p133
and = 1+f l+6 3
For linear molecule, the triatomic molecule possesses 7 degrees of freedom.
ie. f=1
f i/
= — = _R
P G 2R 2
7
c=1+£R=1+—R=2R
14 2 2 2
2 2 4.9
=142 = 1+= = = — 198
- T s

2.16. VARIATION OF C, OF A DIATOMIC GAS WITH TEMPERATURE

— The molar specific heats of 2 gas are expected to be independent of temperature, The observation
is found to be true for monoatomic gases only. For diatomic

gases, the molar specific heat at constant
volume changes remarkably with changes in temperature, :

Fig. 2.16.1 shows the variation of C,, with temperature in case of hydrogen gas. As a long range of

te
mperature has to be coyered, the temperaure has beep plotted on logarithmic scale,

MECHANICS (B.Sc. Il SEM=IV, G, UNij;

VIBRATIONAL

I ROTATIONAL

et

TRANSLATIONAL

1
I
I
|
1
1
[
i
i
i
0

PO o
70K 250K 750K 5000k
T > T(ONLOG SCALE)

, Fig. 2.16.1

It follows from the graph that for H, gas :
‘ 3

() C, = ER, for temperature of the gas below 70 K.
. 5

(i) C, = ER’ for temperature of the gas between 250 K and 750 K.
e 7

(1)) C,.= ‘Z'R, for temperature of the gas above 5000 K.

In other words, the molar specific heat of H, gas at constant volume which is expected to have a

5 3 7
constant value of ER’ varies between —R to —R with temperature.

2 2
Explanation
The molar specific heat of a gas at constant volume is
il
Co = ER

1. At temperature below 70 K. At such low temperature, the H, molecule fleither possesses degrees
of freedom corresponding to rotational motion and nor corresponding to vibrational motion. It possesses

1 . 3
only 3 degrees of freedom corresponding to translatory motion and hence, C, is equal to ER_

! i lecule possesses
2. At temperature between 250 K and 750 K. In this temperature range, H, gas mo] .
3 degrees of freedom corresponding to translatory motion and 2 degrees of freedom corresponding to

32 o
Totational motion, As the total degrees of freedom is 3 + 2 = 5, it possesses C,, equal to ER.
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s of freedom corresponding to V1 Motion get
5000 K. Two degree:

al degrees of freedom become 7, the value of < aboyg
000 K. As the tot

3. Ar temperature above .
: ve
excited at temperature abo

7
5000 K is 7 R. 2 X Jecules at all temperatures above ()
2 L le in gas mo! . i« : . q
Thus we find that translational B IS‘E;S;:;;W and vibranonal.m_ouon ?ts m t:t sy hlghe,
and rotational motion sets in at some hlg.:rﬁ'om gas to gas. The exact variation of C,; wil lempemmm
is value of temperature vanes ot Debye.
temperature. This v  oiven by Einstein and Deby 5 5 7
is explained by quantum the:f) :;mb er of degrees of freedom in 15 cm® of nitrogen at N.T.P,
late the n
Example 2.6. Calcu

Solution. Here T=273K
Now. number of molecule in 15 cm® of N, at N.T.P.
n= 2 _x602x10%
2400

A diatomic gas molecule possesses 5 degrees of freedom at 273 K i.e.
TesS

x6.02x10% x5

1
. Total degrees of freedom of the gas = nf = 22400

=2.016 x 10°!
Example 2.7. Find the average kinetic energy of a gas molecule at 20°C according to kinetic
theory. Boltzmann’s constant, k = 1.38 x 10 J molecule -1 g1,

Solution. Here, T=20+273=293K
k= 1.38 x 102 J molecule ! K -1
1. Monoatomic gas. A monoatomic gas molecule possesses three degrees of freedom at all
temperatures ie.,
f=3

-~ KE. of 2 monoatomic gas molecule

1
= f X=kT
4 2

o 3x%x1.38x10'23x293

=6.065x 10721 J

2. Diatomic gas, A diatomic 2as molecule will possess 5 degrees of freedom at 293 K i.e.

=5
-~ KE. ofadiatomicgasn{obque

1
= fxEkT

1
= 5X2%1.38x107% x 293
=10.108 x 102! j

Q. 201

Q 2.02.

Q. 2.03.

Q. 2.04.

Q. 2.05.

Q. 2.06.

Q. 2.07.

Q. 2.08.

Q. 2.09.

Q. 2.10.

AND EQUIPARTITION Lawy
CE QUESTIONS 7

Law of distribution of Velocities was giye, |,
Y :

(a) Maxwell

(¢) Bernoulli (z; gl:luslus

In determining Kinetic eqya; alton

e quation of gaseg velocity of al) molecules are not equal so we

(a) square of velocity

(¢) under root of velocity

What is an ideal gas ?

(a) One that consists of molecules,
(b) A gas satisfying the assumptions of kinetic theo,

(c) . A gas having Maxwellian distribution of speed. g

(d) A gas consisting of massless particles. .

The root mean square ang most probable speed of the molecules in a gas are
(a) same (b) different

(c) cannot say (d) depends on nature of gas.

(b) mean Square velocity
(d) cube of velocity.

If the rms velocity of a 8as is v, then
2
(@ V*T= constant (b) % = constant
2
(c) »T< = constant (d) v is independent of T.
Hint. 2= 2L
m
v2
'T = constant.

The rms speeds of molecules of ideal gases at the same temperature are :
(a) the same 5

() directly proportional to the molecular weight

(c) inversely proportional to the square root of molecular weight

(d) inversely proportional to the molecular weight.

The ratio of rms velocity of 0;and O, is :

(@ 1:1 b 3:2

(© 2:3 @ 2:43.
Which of the following gases possesses maximum rms velocity, all being at the same
temperature :

(a) oxygen (b) air

(c) CO, (d) hydrogen.
Unit of thermal conductivity is

(@ Wishk ®) X!

(¢) mK™! @ Js'mt KL
Viscosity is the transfer of :

(@) energy N (b) mass

(¢) momentum (d)_force.
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require bulk motion ?
(p) conduction

none of these.
h temperature 1s :

i ot

Q. 2.11. Which of the following does 0
(a) viscosity
(c) - diffusion

o at higl
Q. 2.12. The friolar specific heat of 2 diatomic gas

7

5y ® 3R
@ 3
: 9
4 SR.
© ;R ,_,f(~ 2‘
[ ANSWERS /
202 ) 203 204 0 2000 2% (G
2.01. (;J 2:08 = 2.0954) 210. (© 211 (o 212. @),
207. @ : :

B SHO

i ree paths are not possible for moelcu!es (')f a gas ?- :
x.xiﬁlgﬁgxei of : gas is very large and they are moving 10 all t[))oss?le du‘ecﬁ(m.s'
During their random motion, they collide with other molecules. As l:.he total num :Ir of moleculeg j
very large, so, the frequency of collisions suffered by a mol'ecule is very high. Hence a molecyle
travels very small distance between two successive collisions i.e. free path and .hence mean free pah
of the molecule is very small. In other words, very long free paths are not possible for the molecules
of a gas. )
Q. 2. How does mean free path depend on density of a gas ?
Ans. The mean free path of 2 molecule of a gas is given by

1
s = ()
V2 7nag?
If m is the mass of molecule, then
mn = p, the density of the gas.

Wt ()
m
Putting (if) in (i), we get
et
X p o?
1

or l«—

. P
ke smaller the density of the gas, greater is the value of A.

Q. 3. What assumption is made while finding the expression, 1 = L

17 no ;
Ans, The derivation of this formula, /, = 1 o

PISOR is based on the assumption that only‘one molecule

under consideration is moyigg wh .
00 1s moving while ] other molecyles ;rg 'at rest, which is not true

Collision number

Collision frequency

e

It is the total number of collisions of all the
molecules per second in a unit volume.

It is the number of collision;
second by a particular molecy
molecules.

S made per
le with other

, 5. Temperatrue remainin . g
gasQ & constant, show that 4 for a gas is independent of pressure of the

. Since Bl
. Ao 30p4 : N0
At constant temperature,
pxp
and - 1

the factor p A in Eq. (i) is independent of pressure.
Q. 6. Why are viscosity, thermal conductivity and diffusion called transport phenomenon ?
Ans. Those phenomenon which can be explained on the basis of moleculur motion are called

transport phenomenon. If a gas is not in steady state any one of the following three cases may arise

() Transfer of momentum from faster moving layer of a fluid to slower moving fluids. This
is responsible for, viscosity of fluids.

(i1) Transfer of mass from one region of higher concentration to one of lower concentration.
This is responsible for diffusion of a gas.

(i) Transfer of heat energy from higher temperature to lower temperature. This is responsible
for conduction of a gas.

Q. 7. In what manner does 7) depend on temperature. of the gas ?
Ans. The coefficient of viscosity 7 is given as

= %mnﬁl
8kT
o1 B
L
LS 3mn wm

ie ( 5% JT
Thus 4 is directly proportional to square root of absolute temperature.

Q-8.Isthereanyre,lmionliet\'mﬂ"“"‘-"“"m‘e““'l““lw“g."nd : o
0flhegas? vbo

Ans. The coefficient of diffusion 121? given by
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What is the effect of temperature on the mean free path of gas molecules ?
Q.9. is

Ans. The mean free path of 2 gas molecule can be put in the form,
S kT
= 2 nd*P !
Thercfore, the mean free path of a gas molecule is directly proportional to the temperature of the gag,
Q. 10. How does conduction differ from diffusion ? :
Ans. Conduction and diffusion, both are transport phenomenon. But whereas in conduction heat
energy is transporied, it is mass which is transported in diffusion.
Q. 11. A vessel is filled with a mixture of two different gases. Will the mean kinetic energy per

molecule of both the gases be equal ?
a3
Ans. Yes. This is because the mean kinetic energy per molecule, i.e. Edeepends only upon
temperature.

1. Derive Maxwell’s speed distribution law. 5
2. Derive expression for most probable speed. :

3. Derive expression for mean and root mean square speed.

;. Explain experimental verification of velocity distribution,

If n is the number of molecules per unit volume and 0'is the diameter of a molecule, show that
the mean free path,

g 1.0
2
6. Explain w/2— Tno _
PRS micen m:’:’ path of 2 gas molecule. Find an expression for it, stating clearly the

7. Show,
. s that the mean free path of s .
o ey e e et

pressure on the mean free pagh 7 gas.Whatistheeffectoftempeljatureand
T What do you mean by mean
o free path ? Show that the : kT
where the letters have their ys mmpﬂmmeqwm_/\/z}rl’ar

1.

12.

13.

14.

15.

16.

_molecule is 5 x 107 ms! and mean free path is 3-2 x 10~ m.

with temperature ? Explain qualitatively

. . 1
Derive the relation 7 = — 5 [
1 LY A for a gas. Here 77 is coefficient of viscosity, 7 is mean
molecular velocity and A is mean free path

What are tran; : g
1;“ sport phenomena in gases 7 Explain diffusion on the phenomenon of molecular
collison.

Derive the relation

= 1 for a gas, where K is coefficient of thermal conductivity. 77 is

1Cy

coefficient of viscosity and C,, is molar specific heat at constant volume.

MERICAL PROBLEMS

Calcualte the diameter of a molecule of benzene if n = 279 x 1025 molecules m™ and mean
free path A for benzene = 22 x 10-8 m. [Ans. 6 A]

Calculate the mean free path of a gas molecule if number of molecules per m is 3 x 102
and diameter of the molecule is 2 A. [Ans. 1-88 x 1077 m]
How many collisions per second does each molecule of a gas make when average speed of
[Ans. 1-563 x 107]
At what pressure will the mean free path of nitrogen gas molecule be 1 A at a temperature of
27°C ? Given, the molecular diameter = 3.74 x 1010 m. Assume the behaviour of the gas to
be ideal: I [Ans. 6:67 x 107 N m2)
Calculate the mean free path of O, molecule at NTP. Molecular diameter of O, is 2 A
[Ans. 2:09 x 1077 m)
Cal(l:ulat_e the molecular diameter of a chlorine molecule at 25°C and 1 atmosphere pressure.
The coefficient of viscosity of chlorine is 1:47 x 102 decapoise.  [Ans. 4:24.x 107 m]
The viscosity of a gas at a temperature of 16°C is 169 micropoise. Calculate the diameter of
the molecule of the gas. Given Avogadro number, N = 6:02 x 10723, molecular weight of
oxygen = 32 and Boltzmann’s constant, k = 1-38 X 102 J mol™! k~\. [Ans. 1:84 x 1070 m)

LEEY
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3.1. PHASE SPACE

Position space of
It was explained in the previous chapter that systems
dynamic. For describing a static system we ; : ioh the state of the :
particles. These co-ordinates do not cha{]ge with time- .77"‘3 Spaf:r;’;n‘::’e’;’;s called poj;i ﬁo:‘;';;’;’uem
particles of a system can be described in terms of position o -be the system. As we e. In
the position space, cach particle requires three co-ordinates to describe : irﬁc]és o need three
co-ordinates to identify its position in the space, s0, if @ system consists Of 72 P i » e We need 3,
position co-ordinates to describe the system. Since We need three f;o-ordmates o identify the positioy
of a particle, therefore the position space is said to be three dimensional. \
Momentum space ) - \
The particles of a dynamic system are always in motion. At any instant, the position of each partice
can be identificd in terms of ts 3 position co-ordinates in the position space. However, the position co.
ordinates of the particles of the dynamic system change with time. So, we need to lmo?v the instantaneoyg
position co-ordinates. Also, each particle possesses an instantaneous momentum, which can be resolved
into three components. The momentum of the particle may also change with time. Thus, to describe the
dynamic behaviour of the system, we need to know 3 momentum co-ordinates of each particle. The
space in which the dynamic state of the constituent particles of a system can be described in terms of
the momentum co-ordinates is called momentum space. If a system consists of n particles then we
need 3n momentum co-ordinates to describe the dynamic behaviour of the system. Like position space,

the momentum space is also three dimensional.
Phase space

particles can be of two types : static 2
the position co-ordinates of the differen,

The complete description of the dynamic behaviour of a system needs the knowledge of 3 position
co-ordinates (say x, y and z) and 3 momentum co-oridnates (say p,, Py and p,). The space in which the
stat.e of the constituent particles of a system can be described in terms of position and momentum co-
ordinates is called phase space. It is a six dimensional space. So if a system consists of » particles

then we need 7 co-ordinates to describe the behaviour of the system i
gl ey Fmenry system in the phase space.

Suppose, we consider an elementary cubical iti \ i
part of the position space bounded by the sides, Ax,
Ay, Az. Then the volume of the position space element is given by : .

AV = Arx, A_}', Az

if we consider an elementary cubical
part of the momentum space bounded by the sides
Ap,, Ap, and Ap, then the volume of the momentum space element is given bI;, ?e ounded by the

Ai=lpAp,Ap
The product of the volume elemen i i
: in the positi .
available volume. If we denote it by A thcnpomm space and that in the momentum space is called

Similarly,

AT =AV A7

1 GTATISTICS
, dﬁss'w‘"

AT = Ax
A
of Yy Az
jsis the volum'e o.f the elementary phyge Space s
generallss W° write it as hg>. Thus : -

he? =
0 = AxAy Ax pp
imensional f 29500
The dimensictal Foomtla e A g
€ unit of hy = length x momentum
_ length

o4 TS
time < UUMe X mass x velocity

= velocity x time x mass X velocity

= Mass x velocity? x time = (kg m? s2) s
=Js

: it of h; is ‘joule s i i

That is, the uni o 18 ] econd’. The actual signi iti it in thi .
e clear in the later sections. gnificance of writing the unit in this form will

42, DIVISION OF PHASE SPACE INTO COMPARTMENTS AND CELLS

In the previous chépfer, w'e have considerefl the division of a box into compartments and then the
compartments Were divided into cells. That, in fact, referred to the division of position space into
compartments and cells. It was Sugges-ted there that the compartments may be of different sizes. But each
cell should be of the same size. So, different compartments may contain different number of cells. The
distribution of particles in the box, then, could be studied in terms of the distribution of the particles in the
cells and compartments. But, division of position space into compartments and cells can help in the study
of static systems only.

For studying the dynamic systems, we have introduced the concept of phase space. We can divide the
phase space into compartments and cells in the same way as we do for the position space of a box. For
this purpose, we assume that available volume of each cell of the phase space is hy>. It has already been
explained that the unit of k¢ is joule second. Therefore, all particles possessing a given amount of energy
ata particular instant are consigned to a particular cell. Also, the unit of h can be written as (kgms™)
m, which is the unit of momentum multiplied by the unit of distance. Hence, all the particles possessing
agiven amount of momentum at a particular Jocation can be consigned to one cell.

Each compartment can contain different number of cells. Therefore, compartments comrespond to
different energy intervals or momentum intervals. Thus, by dividing the phase space of a system into
compartments and cells we can analyse the distribution of energy or momentum among the particles.
Suppose, we divide the phase space of a system in k compartments. Let at any instant the number of
particles in the different compartments be i1y, 1y, 13, weeses Mg Then the macrostate of the system can be
denoted as (n,, 1y, 1y, -....., np)- The dynamic system continuously goes fm“;‘me \‘2‘:“'1‘:‘:‘:“: [:s“::‘;:'d
Therefore, the values of 71, g, w----» T €1C: continuously change with time. owfethc; sten):by analysing
maximum time in the most probable state. Therefore, we cai study the ?Gilha\ﬂo“f : mblzm ARy to
the distribution of its phase space into the most probable state. Thatis the mat P

encounter in statistical physics. i

1 Con.l al‘ll[] tain (l_!"e i wm h de; nds on
(s) {0) i ifferent ﬂllﬂlbef Of pamcles, C! pe :

P nt Of the phase Space can con : l o ; . i

i l ed in 8

the nature of the system itself. Suppose compartment CoRtInS
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i icles per unit cell.
cells. Then 71/g; 1 called occupation index. It is the number of partt p
i i TERVAL
MOMENTUM IN P AND Py ;

E PHASE SPACE CELLS IN THE
Let the number of the phase Space cells per unit mom~
Then the number of cells in the interval p and p +dp = 8p dp.
Here we wish to obtain an expression for g, dp.
By definition. ;

rresponding to momentum interval p and p + ]
of each phase space cell

3.3, NUMBER OF TH
entum interval = &,

ace CO!

[Volume of phase sp:
Volume

&p

J’f dxa'ydzj_UdPx dpy dp;

or

where 1;(,3 is the available volume of each cell of the phase space.

V_depx dp, dp;
e S (0)

Le. gp dp:

where V is the volume occupied by the system in position space

and f f f dp,.dpdp. represents the volume of the momentum space

corresponding to the momentum interval p and p + dp.
If we draw two concentric spheres, with origin O as the centre and radii p and p + dp respectivel
(Fig. 3.3.1). then the volume of the momentum space between these two spheres will correspond to thz

momentum interval p and p + dp.
Accordingly, we get :
f I Idp,dp, dp. = [Volume of sphere of radius (p + dp) — Volume of sphere of radius p]

4 4
3 (p+dp) 3150

=35:z[p3 +(dp)’ +3p dp (p+dp)— p°]
Neglecting the terms involving second and higher powers of dp, we get
m'dp,a'p, dp, =4x p?dp o
Substituting in (1), we obtain the required expref;sion :

2
g, dp=2 X470 dp

P 3 =
(330

:

47V
8pdp =— p*q,
3 /4
hy

This gives the n
umber of the phase space cells in the morhentum interval p and p + dj
. p.

Since
or P?=2mE,
and 2p dp = 2m dE.

dp:ﬁdE:LdE

L V2mE
Substituting in equation (7), the number of th
€ phase : -
given by i Space cells in the energy interval E and E + dE is
V X 4n(2mE)—2_ 45
: \2mE
hy
Vx
.= VX4V 2nEm d B J:";Em
_4m2y

\
h03 2 B2 gg

3.4. APPLICATIONS OF PHASE SPACE

gadE =

(?) One-Dimensional Harmonic Oscillator
Let us consider a linear simple harmonic oscillator having mass m and oscillating freely with

frequency v. We want to calculate the number of phase cells in the energy range from 0 to E. Suppose
on coordinate x and one momentum coordinate

the phase diagram of harmonic oscillator have one positi
P- So it may be called as p, x plane. At any instant, the total energy E of the oscillator will be the sum of

potential energy and kinetic energy.
Total Energy (E) =P.E + KE.
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2
1, 2.12
E = ;L’l‘ +2 m
pZ
o BN
2E=k"t
Now, Dividing by 2E,
2 2
1= gL et (1)
2E/k 2mE
where a? +2\E
_"i.;.ﬁ =1 2 :
az b2 b =2mE

2E
This equation (1) represent an ellipse with semi major axis & = \/—k_ and semi-minor ajg

b= \/2mE in the x, y phase diagram (Fig. 3.4.1).
The phase space area of the oscillator having the energy

’2E g e

We know the frequency v of the oscillator is

between 0 to Eis A = Jab i.e.

1 [k : .
...(3) [kis called force constant]

V=74

2w \m

Using eq. (2) and (3), the area of phase space is .

= zer X L = E
2y v
Now of cells = area of phase space
. ~ areaof phasecell
Ely
40 =7y :

o #(E) ='h% /—b X
Energy will be H?/y ‘
E

E = ho(E)
Ni
umber of phase space cell can take integral values i.e. Fig. 3.4.1.
¢(E) = 0' ly 2, ........ s 1 :
[ —— As energy occurs in discrete states

WECHANICS (B:80. 11 SEM—IV, G gy

coon’di“"‘tes PPy P,
The Volume of one phase cell i, b

0x 0y 0z0P 6P 6P - 3 Space is given ag
y z°

Now, total volume of phase space i a
(1)
o ]
phase = dxdyd
2 dP, dP, dP,
=V d
m Sl 2)

where J” dydyd, -y

The energy range is considered from 0 t
T oE.S ;
 The momentum space is like a sphere of radius ; the possible values of momentum will be from 0 to

Volume of momentum space is

4
IH dP,dP dP, =§7:Péax : 3
The energy E of a free particle is only kinetic, so we can write
2
F, o L
2m
or 2 =
Prax =2mE
Putting in eq. (3), we get
dP,dP,dP, - & 312
JH x &5y (2mE) (&)

Using eq. (4) in eq. (2)
The volume of phase space

‘| 312
Vphase = V[gn(ZmE)
Now, the number of phase cells will be
o®) = Volume of phase space
~  Volumeof onecell
4 3/2] 1
= V|=a@2mE X—
[ > (2mE) P
AnV x(sz)?)IZ‘

6B = 33




3.5. THREE KINDS OF STATISTICS
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e pAsIC APPROACH IN THREE STaTisTics

The study of statistical mechanics 1 divided into WO branches
(a) Class'ica] statistics
(é]” Q.ua;;m‘m,:.?xj??le. called Maxwell-Boltzmann slg&sticsﬂ(‘)‘r M.B. Statistics, as it is baseq o
assical statistics is als0 € ed 1 e rem.
= 3 - tion of molecules and Boltzmann's €orer Ak
Mu“e”,:in“ ;;;I{:: T :u:; :\]\;{:p: :a;:ely Bose-Einstein's statistics (B.E- Statistics) and Fermi‘Dimc
Statistics (F.Ii Statistics) - STATISTIC S
UANTUM
CLASSYCA - STATISTICS
STATISTICS
OR
M-B Statistics
Bose-Einstein Fermi-Dirag
Statistics Statistics
The Main Differences in Three Statistics
The main points of difference in the three statistics can be tabulated as given below :
=i
S. POINT OF CLASSICAL OR BOSE-EINSTEIN FERMI-DIRAC
NO.| DIFFERENCE | M-B STATISTICS STATISTICS STATISTICS
1. | Particles Particles are | Particles are | Particles Tre
distinguishable indistinguishable indistinguishable.
> | Size of Phase- | The size of phase- The size of the phase | The size cannot be less
space cell space cell can be as | space cell can not be | than A3,
small as we require. less than />
(where h is Planck's
constant)
3. | Number of cells | Ifn; be the numberof | The number of cells is | The number of cells has
particles and g; the [ less  than  or [ tobe
gumber of cells then bl obe greaterionCarite
comparable to the | the number of particles
n; number of particles | g.2n;
g;>>n;s0 —j<<l g<n; e
i n;
Thus number of cells By so —<1
can be made as large T 8i
n
as possible [g—' is
i
called occupation
index]
4. | Restrictio; . A, B —
Particles % 08 { No Restriction No Restriction Restriction due to Pauli's
Exclusion Principle.
——
!E |={—|% IW EE
= [=T#][aT4]
— 5. | Two  Particle | The particles are | Th e
g distribution distinguishable and ‘—nd?mg;: ."fl:ﬁ are | No two particles cal
can be arranged i ishable an
way gedin4 | can be arranged ig occupy the same celk
g three ways Hence only 0n€
arrangement.

{CAL STATISTICS

asic approach in the three kings of
_ Due to different assumptiong, v
o obtained. ;

¢ saIm
’ ults ar

f Statistics .

The P
hen the sam

d(InW)=0

[n any system consisting of given number .(3.6.1)

(i) A
] . particles havin 5

and 4 remain constant. Consider a system whose total energy is divi dej “’:ﬂ ';nergy u, the quantities n
1nto the energy invervals from

010 Uy into large number of. k intervals numbered as 1, 2, 3 ;

resent the nu.n?be_r of particles in the energy intervals 1, 2, 3 s , k. Letn,, N n

robable or equilibrium state and mean energies of the pamclesm mesemtke::f ecb:vely reiain
S e u

v Uy U3

Uy respectively.

n=n1+n2+n3+....+nl.+ ........... +7lk,
k

S
i=1

As n is constant, therefore

dn= =
| Eid"i g 362
Similarly, U=nqly +Nolly + ... U e E U
k
= 2 uiny
i=1
Since u is constant, therefore
k
du="Y’, luidn;)=0. -(363)

i=1
The three equations (3.6.1), (3.6.2) and (3.6.3) must be satisfied by the system irrespective of the
rated in a single equation derived as

kind of statistics to be applied. These three conditions are incorp
follows :
Multiplying Eq. (3.6.2) by — o and Eq. G
d(InW) — aEdn‘. —ﬂEuidnl. =0,
] i

alled the met

6.3) by — p and adding t© Eq. (3.6.1), we get:
(364

hod of Lagrahgian multipliers.)

where o, 8 are arbitrary constants. (This is ¢
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L (S we have

From Eq A3 6.4), we

d n W)= dan;: + P E Il,ﬂ"—-o
ay a ; in, P i

...(3.6.5)

= Y@+ pu) dn =0 isti
dan W)= D@+ P nd of statistics. This is the g, .
LN

obtain the distribution Jaw for a given Ki
the three kinds of statistics.

or

Eg. (365 is solved 0
equation which is used In all

3.7 MAXWEU.-BOLTZMANN STATISTICS

mplest man i iti e molecules of P

The est parti i al gas. By definition, th 2 perty
J ; Je system 1S 2 sample of ide . 4 -
gasarc as'stmat:'lSI , © be}poinl ;axe‘t;c?les having no long range mtcrpartlcle force betweex; t!le.m. The Partig]

: snuously collide with each other as well as with the walls of the containing vesse], The
may contnuousi} th les

distribution of energy. momentum Of velocities among the particles of such a system can be sty dieq

y i Maxwell and Bo]s
s - ical distributi licable to them were obtained by oltzmany
statistically. The statistical distribution 1aws app: i well-Boltz statistioall :

st of analysing such a §y$
::;n uﬁii;mmi;sﬂ:;d Itis a.lsz called classical statistics-
Assumptions tistics
The Maxwell ;:)m <atistics is based on the following assumptions.:
1. The available volume of the phase space cell can be as small as we desire and may even approach
to Zero.
2. The phase space can be divided into a very large number of cells.
3. Any number of particles can occupy 2 phase space cell.
4_ The particles of the system are distinguishable.
Size of the phase space cell
In classical physics, the molecules are assumed to be point masses. So, in principle, their volume
should tend to zero. Hence, the phase space cell, which is required to house a particle, can also be
assumed 1o have available volume as small as we desire, even that tending to zero. Accordingly the
phase space can be divided into a very large number of cells.
Also, the particles being point masses, in any cell of finite size, any number of particles can be
housed. This justifies the first three assumptions of MB statistics.
Identical but distingnishable particles
: All fnolcaxles of the gas sample are assumed to be identical. Yet they are supposed to be
distinguishable. This is made possible by dividing the phase space into so large number of the phase

cells thax w:h ocu contains either one particle or none. Thus, although the particles are identical yet
we can distinguish them by the cells they occupy.

3.8. MAXWELL-BOLTZMANN DISTRIBUTION LAW

Consider an isolated sample of an ideal i
: : gas. Let it consist of n i be V.
It is a dynamic system. All particles are in random mo Gt

e es tion, continuously colliding with each other 5
h the walls of the containing vesse., But, the system being isolated, itsgenergy must remain
denotef'l by u. We can divide the energy into k

‘ WSI
o, , ity etc: be ny, n,, iy

STATISTICS

s My Testenr
” iy k TeSpectively, they, .
i=k
u= nu,
i=1
i)
l=2k
n=
n;
AlsOs = i
: 5 i (i
The equations (i : ; (i)

Jows * el
fol o Total number of particles is equal to n, that is )

I
=

i
i

h; = constant

=1
i=k
dn = Z dn., =0
- =1 i)
(i) Total energy of the system is equal to u, that is :
i=k
U= u;n; = constant
i=1
i=k
du = Z u;dn; =0 = Af

Here u;, the energy in the ith interval (compartment) is also a constant.

Since the system must satisfy both the relations given by the equations (iii) and (iv), therefore we
can write*

i=k
> [adn; + Bu; dn;]1=0
i=1
i=k ,
o 21 (a+ Bu;)dn; =0 )
i=
Here 0. and P are the constants, whose values are to be determined.
The distribution of n particles among k energy intervals is similar to the distribution of n particles
in k compartments of a box. We suppose that each energy interval is further divided into cens Let gy, &
835 -y & DE the numbers of cells in the corresponding energy intervals. The thermodynamic probability

of the macrostate (12, 15, R, --evvon: , my) is then given by :
o) jon 3.16)
W(ny,ny,ns ........ m)=n! Il ST W(say) (Refer to section 3.
=1
Taking natural logarithms, we get
i=k i=k
W =ln(@)+ Y, i dngi= 2 it )
=l i=1

——

! i ultipliers.
*This is known as the method of Lagrangian undetermined MU
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n
) \w('j‘

Note that [ (&; ) =18

s dn —”(n s |=m I &

an, In8:

"

* 1o the equation (i), we get

Applying Stirling formula -
i=k i=k i=k
z n;Inn;+ z n;

nW :r/nn"?"‘zni,”gl—_ i=1

i=1 i=1

i=i

Since N 'm =n.soon simplification, We get
S 2%
i=k i=k
pWeninnt 3 ning— 3 ninn (Vi)

' i= i=

Now n and g, and hence Inn and In g; are constant and for a system in equilibrium /n W is constant,

Differentiating on both sides, we get
k

k
0=0+Zdn,-1ng,-—z [dlll In"i+ni ;lll—dfl,]

i=] i=1

i=1 ji=

k k k
0= Zdnilngi— zdﬂilnﬂl"' Ed”l
1 i=1
k
Bu Y dn=0
i=l

¥
0= (n g; ~Inm;) dny ..(vili)
i=1

Subtracting (v) from (viii), we get :
i=k
0= Zlin g; ~Inn; ~ 0.~ B ;) dn;

i=]

Because all values of dn. 2
when :  are independent of each other, therefore, above equation is valid only

Ingi-lnm-a-Bu=0

- * Ao -
g rdmglotheSurhngforwulabn(n!):nlnn—n.

i GTATISTICS

In| 8|
o IIL"‘)—(I+BUI

8i _ atpy
of n; s

n=g;e % Pu
This is the expression for the Maxwel] Boltzmann | ix)
aw

s ed from the conditions in which the g ope()f energy distribution. Values of ¢ and B are

k rates. Here eB4i is called Boltzmann factor
=k g o
3 e P is called partition function,

Evaluation of e and ¢ AW
Determination of e %
Letn, represent the number of molecules per unit momentum interval
From equation (ix) we can write the number of molecules in the momentum interval p and
p+dpas:
n,dp=gpe“ Py
p P =Ep P )

Here 1,18 the kinetic energy of the molecules having momentum p.

2
p .
Now up= —2—m , where m is the mass of the molecule.

Be
np dp = dp e %e 2m )

m2 ’U2 P2

2m  2m
The number of the cells & in the momentum interval p and (p + dp) is given by :

Note that U, =%m1?, =

4V
8 =3 pldp :
[Refer to equation (33.1)]

where V is the volume of the system in position space and kg is the available volume of the cell in the

phase space.

< (xit)

\Y/ MRSl 2
Hence n dp= _41t3 'Pze o PP Hn dp
5 )

If P, be the maximum value of the momentum, then :

Pm

Total number of molecules, n = f n, dp = f n,dp
0 0
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snﬂsﬂc‘l' P b
N'S the limit from Py to infinity doe
N

= WSS

: sO rais

Since there are 10 molecules between P and =

affect the actual value of
Total number of molec

the integral:
ules is given bY * 2
o an B~
® 47 2 -a, 2m dp.
e pe €
n=|n dp=f 3 P
-({ i 0 ho

So
4xV a2 ‘ﬂ’p’z
. 2m
Y g <t
or I 0
Using the standard integral,
B : 2\
f.rze—axdr="(’§) , we can write
4\a
0
1/2 3/2
4V _o|1[_= Seag=a (E’ﬂ)
" |4’ 1 P
3/2
-3
V \27am
Determination of B e
Substituting the value of e~% in equation (xii), we find
2
47V, nhg( B\ =
nodp =t gt x—2 [ — 2 g,
p =" PN \oam) € ”
or B i 7) e =
np49=4nn(2mn) pie 2m dp, )

Now p2 =2mu.
du
. 2pdp=2mdu or dp=22__ " @:ﬁdu
P N2mu 2u
Substituting the values of p? and dp i -
interval u and u + du as follo\:f : dp in equation (xv), we get the number of molecules in the energy

g B 3/2
= nn(zﬂ—) xzmue-ﬂux‘/_gdu

m

ny, dﬂ:%&ﬂiﬁ& e—ﬁ"da
k ()

of

_&{GAL STATISTICS

n ideal gas, each molecyle 0 3 k is Bo
) le p SSesses an ayer i wh
age Kinetic energy = kT,
— KX, where k is Bol

and T is temperature i A
; onsmm 1 kelvin, Hepce total en tzmann
€rgy of the s
ystem of n molecule is :
1S

@
E=

J unudu=n1kT

0 2

°

3 2 &
= nkT =2 531
or 2 =B [ b g,
0
Using the standard integral,

0

—ax
fx3’2e ]
0 4q* \a

3
—-nkT:z_"B3/2 § 34
T

2
4p* \B
or kT= l
p
That is, = 1
kT (38.1)

Substituting the value of  in equation (xvi), we have

1 e {000
_(kT)312 e kKTdy

2n
m du===1Ju
\/; u

_ 2mn -
du = W Jue KTdu
This is the requ.ired expression for Maxwell Boltzmann energy distribution for an ideal gas. It gives
the number of particles (molecules) having energy between u and u + du.
Expression for the distribution of speeds
1§58

Since u=—mv-,
2

or n, i
(cxvii)

du=%mx2vdv=mvdv.

Substituting the values in equation (xvii), we find
2
1 1
2nn B (__mvl) e AT xmvdv
(k) \2

n,dv=
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_ 3, ml)2

32 o —2r
m) o2e %Tdv

nydv = \/J.Tn(;ﬁ o
.stribution for molecular speeds,
is i ired expression for Maw'ell.BoltszHﬂw‘:‘ﬂsl?; PR i dn ideal gaslt
i thc reIqmln (molecules) having velocity (speed)
the number of particies S
1 molecules at absolute temperature T ]
The fraction of the molecules having spee!

"'(x""iz)
or
giVex
ha"ing
petween v and v + dv is given by

2

m i 2—12'%74
ﬂﬂ:ﬁﬂ;ﬁ) vic 3

é ule will

the probability that @ molec have speed between v andv +dv, je
it is the p!

mv
m 2 , 2kTdy.
P(v) dv:ﬁ”(—nkT vie

ess speed v i.e.

By definition

The probability that 2 molecule will poss the probability function P (v) js givey
P )

L, 3/2 5 i
p(v)=J§n(——) v’ e AT

7k T
L BOLTZMANN DISTRIBUTION OF

by

GRAPHICAL REPRESENTATION OF MAXWEL
SPEEDS
The mathematical expression for the Maxwell Boltzmann dis

gas is given by
P2 m?
= 2, 2kTqg
= ve v.
n, dv \2zn ( = kT)

A plot of n,, the number of molecules having speed v, against v is plotted as shown in the Fig,
3.9.1. The number of molecules 7, dv having speeds between v and v + dv is given by the area under
the curve in the interval dv (shown shaded). The total area under the area, given by summation of n,
dv over zll the possible speeds gives the number of molecules.

f n, dv=n.
0
The lower limit of integral reflects the fact that the speed of a molecule cannot be negative.

3.9.

tribution of speed in a sample of jdey)

<

v
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E schL
‘0(!‘5

KT €omes practically equal to one. So n,,

(i Atlow values ofv. the exponeqyiyy ex ( m?
p }

easeS with increase in the valye of ,,
in

as n. 3
; lue of v equal to v v PrOportiona] g 5,2
cular V& mae Called 0y
art! the most propapy

por large value of v, the exponentiy) erm, 4o,
nates o

* My Teaches to its maximum value at a
peed Y

ver 2
» IOW n,, becomes proportional to

2
Y dd i
_ |, and decreases with the ‘
oxP [ kT ) : © Increase in valye y,
(if) The distribution curve is asymmetric
molecules is zero but there is no limit

the i
of the X is slightly larger than the mosgt Probable

left side.
Effect of Temperature. The most probable

speed Uy (as well as vand (v, ) increases in
proportion 0 the square root of the absolute
remperature of the gas. Hence the distribution
curve broadens with rise in temperature. Since the
area under the curve (which represents the total
qumber. of molecules in a gas) must remain
unchanged, the curve becomes flattened as the
femperature rises. This means that the number of

molecules which have speeds greater than given
speed increases, as shown in Fig. 3.9.2.

Effect of Molecular mass. The most probable speed v o (vand v, ) being inversely proportional

to \m , decreases with increasing molecular mass. Accordingly molecular speeds in hydrogen are on
the whole greater than in oxygen at the same temperature as shown in the diagram.

n
YA oxygen

Fig. 3.93




3.70. NEGATIVE TEM

raturc mi
with valoes thal I
p to laws of the:

PERATURE -
arc expressed as negative numbers on Celsiu

han the zero points of those scales but still higheg yp

rmodynamics, there cannot be any temperature less thag

g ossible on Kelvin's scale. This concept Mmay py

ists and is auainat?lc. then let we assume the sink of 5 heag
— _ T, The efficiency will be

, yemperatures that ¢
Nepative IOTpe
or Fahrenheir scales

o { accordin

absolute zero. But i : s

ket fherwords, & NOEAUVE tempera

keivin. In ofhe

jogically explained B
F we consder DOZAUVe tempera:

o pEgAtive temperature.

ture €X
say T,

engine al s
-T,] i)
ol it = ] ==
v {5

y>1
. g tv which is against the second law of thermodyna;
. efficicacy of ncx\g{:dlcrthaﬂuﬂlf)“ 4 A C§
The o .‘ilxi‘hbc ;"gcc we can conclude that the above obtained re'sult.vnolates the second lay, of
™ e of negative temperature exists is not true. So there cannqy

and hence not 7 adi
Hence the assumption m 8 : g
sink at absolute zero is unattainable, 0 an engine iy,

thermaodymamics
he 5 negatve temperature We can say that a
100% cfficiency is not possible.
With increase in temperature, the specific heat of a sul
teat does mot tend to be zero as the lemperature of sub e
the temperature has a +ve sign only.
The negative temperature is not possible with the system as a who'le. The. negative temperatures
may be possible only for isolated sub-systems. This sub-system is conS}dered isolated from the maiy
nnan Forexample. the nucleus being a part of system, can have a negative temperature. But for all the

normal purposss the (emperature are always positive.
3.11. CLASSICAL ENTROPY EXPRESSION
In equilibrium position, both entropy and probability become maximum, thus Boltzmann concluded

that entropy (S) is 2 function of probability (W).

Le. S =f(W)
In order 1o find the nature of the function, let us consider two independent systems 1 and 2 having

entropies S, and 5, respectively. The entropy S of the two systems when taken together is given by
S =5+8, .(3.1L.1)
I W, is the probability of 1 and W, is the probability of 2, then probability of finding both the

systems ai their respective condition is

bstance decreases. However, the specific
tends to infinity. This clearly shows that

W = WI W2
$ = fiW) =fiW,, W,) ..(311.2)
5, = fiw)) (3.113)
- S, = fiW,) L(.114)
Putiing Egs. (3.11.2) to (3.11.4) in (3.211.1), we get
(3.115)

fWy, W) = fIW,) + fiW,)
Differentiating Eq. (3.11.5) partially w.r.1, W, and W, we get
W S WL W) = £ (W,

[ GTATISTICS

\sz(wl_ WZ) = f'(wz)
Wa o Sy
W| f’(w:‘.)
or W, f(W) = Waf' Wy =
h V= wui=k@ constant)
£ e -
w, S Wy = W,

2
[ntegrating, We get

Wy = kan|+Cl
and Wy = klnw2+c,z
Ingenel'a.l,

fW) = kInW+C
or S =kinWs+c
The value of constant C is found to be zerg
ie. C=0

S =kinw

3.12. GIBBS PARADOX : ENTROPY OF AN IDEAL GAS

Af:cor('lmg. to t?xermod.ynamics, the entropy of an irreversible process is greater than zero. We
(now diffusion is an irreversible process. When we mix two different gases the entropy increases bcc. w—
the diffuslon. takes place and we know diffusion is an irreversible process according to the
{hermodynamics. .

Also when we mix two similar gases diffusion take place therefore the entropy of mixing two
similar (indistinguishable) gases also increases.

But according to statistical mechanics, if the number
of microstates increases, then the entropy increases because
the number of increase of microstates means there is an
increase of randomness and there is increase of entropy. In
mixing of two different gases, new microstates arise so there

is an increase of entropy.
But when we are mixing two similar gases, there will
not be any increase of entropy as there is no increase of

microstates.
So there is paradoxical phenomenon between the thermodynamics and statistical mechanics which

Fig. 3121

is known as Gibbs Paradox.

Let us consider two different ideal gases (distinguishable) with number of particles N, in
‘ompartment A of volume V, and N, in compartment B of volume ‘.Jl' ?‘bcse two gases are at .sam‘e‘
Pressure and temperature and are separated by a partition as shown in Fig. 3.12.1. When partition is

at the same temperature.

Temoved the gases will be mixed in a volume V=V, +V
B : o op
The entropy of mixer increases. Since the process i irreversible. But when the gases aro of same

king (i“disﬁnguishable) the change in entropy of mixture should be zero. l:ulu:/: uf;u:: :;::;::,e in
“Mlropy, This is in contradiction. Gibbs paradox is resolved by the concept et
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paradox, the expression for the Maxwe”‘BOllzma

. - esolve this J .
Removal of paradox. In order 10 resd nge their position, according to annmat‘nn
2 o

. - sarticles interchai
1 must be divided by N 1f N number ot particles inte
count mus! :

it will be 12

52 z/zJ
5y o Al +klogN!
s.= 5 NE—RK "’g[v (2mnkT) 2

d subtract the term K log N! from this equation.

2 3/2
S Nk Nk o E( 2 )
S EN‘ 8| v 2zmKT

In this way the paradox is resolved. This has been verified experimentally for a gag g high
temperature zlso. This equation s also known as Sackur Tetrode equation.

i MULTIPLE CHOICE QUESTIONS
Q. 3.01. To describe 2 dynamic system we must have the knowledge of :
(a) position space only
(4) momentum space only
(c) both position as well as momentum space

(d) neither position nor momentum space.
Q. 3.02. The minimum volume of an elementary cell in classical statistics is :

In otherwords, we shoul

(a) B (b) less than A3
{c) more than #° (d) can have any arbitrary value.
Q. 3.03. Select the correct statement, in Maxwell Boltzmann (MB) statistics, the particles are:
(a) distinguishable f
() indistinguishable
(c) partly distinguishable.
Q. 3.04. ’Ihere.m seven particles and seven cells. In how many ways can they be arranged,
assuming that the particles obey F-D statistics.
(@ ;IWZY (b) 7 ways
¢) 71 ways (d) 77 ways.
Q. 3.05, (P:nh M:sB exclusion principle is applicable to :
a
b) ED.
(c) BE. Ll

Q. 3.06. Hyd (d) None.
(a)y e bas‘ faster from the earth’s atmosphere than oxygen because :
i ogen has higher most probable velocity than oxygen ;
© b;,drogendmgen m[ww,h up faster than oxygen
(@) of some r::) possess less average kinetic energy than oxygen molecules
Q- 307, Which one of mnlm those mentioned above,
is
state of equilibrium 2 ot & constraint on an isolated dynamic system in the
(@) Each cell is of the same sige

2
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(b) The number of partic
Tec.:

(c) Total energy of the sy:tse:: Sonstant Ea '

(d) None of the aboye, 1S constang

Which of th ing i

Q 386, distribution :fg:mg 1S 2ero for , sample

(a) Average velocity of gas molecules having Maxwellia

g € i)

(c) Most probable velocity (®) Root i

,09. Out of N particles jp @ i
0} speed is : * 25 the number of Dar\ll'toi::e: rhlhe' —pss k.
@ N AVing exactly the most probabi
© 0 ®) Nn =
 In which of the follow; S
o 3.10 ) ARt teic:llowmg, no phase spaced) cell can contain
Desrrany” Eb) B-E statst. more than one particle.
. For a gas at NTP whj @ No
0311 which shall be maimug ; " °F U
@ Vg axm“(l:; ]
© Ymp- 7
i (d) All of the aboye,
| ANSWERS
; 3.02. i
301. () @ 3.03. (a) 304, @ 39
307, @ 308. @ 309 (o RHoENEs g li el
' .10. 11 ()
T ANSWER QUESTIONS

Q. 1. What is meant by available volume 2

Ans. The product of volume in the position s

: ace and that i !
volume. The available volume of a system of pi:mjcles I:;;t l‘;l:;zlz;n::@ space is called available

v=[[fdcdyae [ [ [ap,dp, dp,.

Q. 2. In classical statisti g
from each other ? cs, how can we treat the identical gas molecules as distinguishable

Or
:’ns dlassical statistics, what is the basis for treating identical gas molecules as distinguishable 2
L ltsh; i;la:sncal physics, there i_s no res\ric.tion on the size of the phase space cell. So, we can
b cello t:;s small as we desnr?,‘ Ac_cordmgly, the phase space may be divided into so large a
b ells that each cell contains either one molecule or none. And, the molecules can be
guis ed by the cells they occupy, even though they may be identical to each other.
21.1:. List the basic assumptions of Maxwell Boltzmann statistics.
. Maxwell Boltzmann (MB) statistics is based on the following assumptions :
(':) The particles of the system are distinguishable.
(;') Available volume of the phase space cell can be as small as we desire and even approach zero.
E';')) Any number of particles can occupy a phase space cell
The number of phase space cell is very-very large.
Q. 4, Why is the choice of the cell size immaterial in classical statistics ?

Ans,The available volume of the phase space cell is given by

dv =dx dy dz dp, dp, dp,:
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ﬂ ~¢ as well as momentum can have any small magnimde‘ Ri.
en

Jassical physics the distanc

re, the volume OF :
he cell size 18 jmmaterial in €
cell in classical statistics and quantum statistics 9

Since in € .
that tending 10 ZET0, therefo!
desire. Hence the choice of U

O.S.‘Wulistbcminimumsinofa e
physics, the phase space cell can be assumed to have avaxla. e VOll}me as smay
3 Accordingly. the phase space can be divided into very |
volume of elements cells in phase space can not be Jegg t

the size of the phase space cell can be as sma) i
Jassical statistics. e

Ams. In classical
we desire, even thal tending t© zer'v.
number of cells. In quantum mechanics the
43 where & is Planck’s constant.
Q.&thtistberdedelanentnrycellinsmﬁsﬁcal physics ?
Oor

Whatisthfpnrmofdividingphmespaceintocells?

Ans. A dvnamic system consisting of very Jarger number of particles spends most of its time in
most probable state, also called equilibrium state. So, to study such a system, We study the mqq,
probable state of the system. The most probable state of the system is completely determined by the
position and momentum co-ordinates of the particles. For this purpose we divide the phase space jp,

compartments and each compartment may be divided into space cells. Each compartment Tepresents

momentum of energy interval. A number of particles can possess 2 given amount of energy and momentyy
al 2 particular instant. All these particles may be treated to be in one compartment. The compartmepyg
or intervals are of different sizes depending upon the magnitude or energy of momentum. Eagp
compartment may be further divided into equal sized cells to house one or more particles. Then, the
probability considerations of distributing 7 particles in k compartments of different sizes, each one of
which is divided inlo g;, £g- - cells can be used to solve the problem.

Q.7. Whﬁisphntsp.ce?HoWWiﬂyoudivideitinmceﬂs #
or

What is the concept of a phase space ? What is its dimensionality ?

Ans. Phase Space. The combination of position space and momentum space is called phase space,
Phase space is 2 six dimensional space in which x, y, z p,, p,, p, represent mutually perpendicular
A small voluae element in phase space is denoted by 4t and is given by

d1 = dx dy dz dp, dp, dp,

or dr=dvV dr

Generally we write it as Iﬁ,so

ge
an

% =dxdydzdp, dp,dp,
:l)oih.as dimensions [ML? T-] and its unit is Js.
Wmon :f phnede space into compartment and cells
e can divide the i
- phasc space into compartments and cel!s, and all particles possessing a given
A e particular ms!zm‘are conslgpcd 1o a particular cell, also all particles possessing
el mennxmcan a!. a mcular Jocation can be arranged to one cell,
different energy intervals on momend‘mm. number of cells. Therefore, compartments correspond 2
compartments and cells we can anal ﬂl:m als. Thus, by dividing the phase space of a system into
Suppose, we divide the phase s yse the distribution of energy or momentum among the particles
pace of a system in k compartments, Let at any instant the number

of particles in the diffe
rent com
partments be ny, ny, n, ,.... ny Then the macrostate of the system ¢4

{GAL STATISTICS

oted as (ny, ny, ngs e n

den! ). R
fher- Therefore, the values of y T:,he namic gy,
0 spend maximum time jn zhl, 2 M3y ™ con =

tinuoys|
ems . g e ete, . Sly goes
S:e m by analysmg the distribution ':f"?:sprobable ¢ Cont;nu S fl’r)rn::l: Tiacroslale o
o “[::e a;’e.lg;o:vnf ;0- SNOOURter in statigficg oy béha:?oz‘;er}t
, 8. Explal at is phase gpg, Physicg St probable sta et
gnS. See Q. No. 7. by L ‘e That is the main
0.9 What .determinas the dis'-l'ibnﬁon
ADS: d, gives the number of molecy] of Mmolecylay
e £85 and molecular mass. Hence it def

terming 5
0. When the temperature €s the distribyg
Q 9 of the gag sample rj witle

ously change with

refo
e : e,
SPaCe into he e, b

§fS

of

, how

Ans. It remains constant, becay
e whicH aseDaty S€ area under the y anq ,, ;
inthe s ple, Ot vary with temperature » CUIVe is equal to the umber of molecul
. €S

. How does the fracti
Q 1 raction n, dvin for the give
ses ? 1 value of v vary when the temperature
. As the tem, i
Ans. As : perature rises, more and more molecule et
i for the given volume V goes on decreasing § acquire higher speeds. So, the fraction n
Q.12 Exp_lau? the‘ phenomenon of eVﬂPOl'a;ion of liaui
Jaw for the distribution of molecular speeds, liquids making use of the Maxwell Boltzmann
. Evaporatio iqui
n:iﬂs mjnvjmalzxm veltl)]cf:-yo (l;:ul: 21““] surface. For leaving the liquid surf:
ce At etic energy). The average veloc (o o mnleculi mmst posacss
However, according to MaXWelhan dlStl’ibuﬁon ty of the molecules is less than this Hmit.

nigh velocities at all temperatures. If such mol:cfullne:l;cular

Boltzmann law for the distribution of speeds.

Ans. Escape of gases from the earth’s atm

osphere. T itati
carth, t{ody §h0}11d possess a velocity equal to o?greater 81::: t:‘: esf:m t::hﬁ:ia Vltaﬂonalmpuﬂ 2 the
Maxwellian dl’StﬂblltIOD of velocities, some molecules do possess very ll:n'egh velozﬁ?sﬁd thy e
from the earth’s atmosphere. (The phenomenon is similar to the evaproation of liquids) .

Q. 14. What is the value of phase volume of a cell in classical statistics ?

Ans. In classi(fal statistics, the phase volume can be reduced to any small size as we desire and can
approach to zero in the limit, hence phase volume is entirely arbitrary in classical statistics. s

1. (a) Define phase space.
(b) What is the purpose of dividing phase space into cells ?
() What is the minimum size of a phase space cell in classical and quantum statistics ? ‘
(d) Why is the choice of cell size immaterial as far as the classical statistics is concerned ?

g‘ Compare MB, BE and FD statistics.

» Describe basic approach of three statistics.

4. Define phase space and momentum Space.

momentum internal p and p + d p. Whats

5 and quantum statistics ?
. The Maxwellian distribution of speed v amongst™ molecules per

Determine the number of phase space cells in the
meminimumsizeofaphnsespacecellinclassical

om? enclosed in a chamber at
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-
32 ==y
- m e %T v dv
=\.m[ﬁﬂ-)

rure T is given b3 nAlv

temperal T
temperature T.

ng m,, against v ata given
o shows a peak. el
assumpnions of three statistics
)zmann relation -

!

R = Py
4

(i) Draw & curve showi

(#i) Explain why the curve S

6. (a) What are the basic
() Desive Maxwell-

: . of an ideal gas in equilibrium. :
for the energy distribution O min L begr of phase space cells in the momentum interval gp,
v. Define Phasc space. Obtain the num i by classical statistics, derive the Maxwell Boltzmgy,

8. Treating an ideal gas as a SySicm £0V

distribution of molecular speeds. i ;
9. Demve M—Bn;aw for distribution of molecular speeds. Use this law to obtain an expressiopn 2
> speeds of molecules. - per ) :
10. :BMMT:M;:W;H&IM statistics 7 On What assumptions 1t 1 based ? Using this Statistics
find the expression for distribution of molecular speeds.
1l. Expiain the term phasc space and its division into cells. :
law of distribution of mplecular speeds by applying classica]

12. Desve the Maxwell-Boltzmann

SItistics.
13. Explam the concept of phase-space. !
ion for the number of statistics. :

14. Define phase space cell and derive expressi
1S. Describe briefly the experiment giving verification of M-B law of distribution of molecular

speed. A
6. Explain the behaviour of Maxwell distribution of molecular speeds as a function of temperature.

NNGERcALPROBLERE

L. Discuss the distribution of 3-particles in 2-cells, assuming that they obey (i) M-B statistics
(&) B-E statistics and (4ii) F-D statistics. f

2. Considera sysiem of large number of particles, each having mass of 0-1 g which are lying in a
box at an equilibrium wmpaaum: 300 K. Find the probability that any one of the particles may
spontancously fly 10 2 height of 1 A (Assume that they obey M-B statistics).

_ 9B

Ans. ke 914

Hint. In M-B statistics

3/2 my
m - —
P Virl ] 2o
.
r P(U) =Ke W
Here Y = mgh
- mgh
Pw=Ke ¥

11-Boltzmann statistic Vi
Maxwe StCs provides satisfacto, X| i
The i T = e Iy e :lasl:anon ;)f the. t;listrﬂmtion of energy
1008 the moIec 8 E lowever, there are other systems o particles such as photons in

tant temperature enclosure or free elec; 3 :

350“5 el e trons in a iece of «

paracteristics similar to that of gases, yet MB statistics fl:xils to efxn;ef“l Which, although have dynamic
e photons in a constant temperature enclosure are characterisfdmg .

interpamde interaction. Same is the case with the free S oo I); = b;“;ul::t;?r:hz:nd neghglz:;
- s reason

times we call them photons gas and el
z:i‘: energy distribution ? The main reason :?T.Il:if au:m; lhe: ;:ON&[: ol s
1 of the e T
the system of photons and free electrons are subjected to certain constrairsns ;:::hh:e‘:m?e f?ca‘::
(o the gas systems. By taking those constraints into account, two more statistics have been :\?eloped
They may be called “°n‘.CIaSSlCal statistics, because they are based on certain concepts, such as
quantisation of energy, which have no place in classical physics. ‘
Quantum Statistics ‘
The non-classical statistics are generally called quantum statistics, because they are based on the
concept of quantisation of energy. The quantum statistics are of two types :
(i) Bose-Einstein statistics and
(ii) Fermi-Dirac statistics.
Bose-Einstein statistics
Bose, in the year 1924, deduced the Planck’s law of radiations on the basis of statistical considerations
different than those of MB statistics. In the same year, Einstein used the similar reasoning to explain
the behaviour of gas molecules. Thus, Bose Einstein statistics (BE statistics) was bom.
The basic assumptions of BE statistics are given below :
(i) The particles of the system are indistinguishable and identical.
(i) Available volume of the phase space cell cannot be less than 13, where h

(i#) Any number of particles can occupy a phase space cell.
(iv) The fumber of phase space cells is comparable with the number of particles. That is,

is Planck’s constant.

Aald- n;
occupation index —= 1.
8i

(v) The particles of the system under consideration do not obey the Pauli’s exclusion principle.
an be explained on the basis of BE

Bosons
Bo, ; whose energy spectra ¢ A P
JOBHRY Wb ca VR0 Sy rinciple. That is, two ot more particles can exist in

statistics, Bosons do not obey Pauli's exclusion princ by
same energy level. The bosons have either zero il‘l“fg“‘l L s
97
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Examples of bosons are as under :
(9 K and x mesons (spin 0)..
Aroms hike :Ht{ total spin
quanta of lig

f whose electrons protons and neutrons is integral,
of whos S,

& 8 = )
(i) Photons, thst is ht waves (Spin
Fermi-Dirac statistics
i and Dirac U
In the vear 1926. Fermi x
and successfully explained the behaviour Of
(FD statistics) came b0 existence. .
. ic jons of FD statistics :
ko are the basic assumpuons T . .
2 v‘ mﬂx particles of the system are indistinguishable and identical. \ :
(i Availsble volume of the phase space cell cannot be less than &° where A is the P]aﬂt:k’s
@) Av
constant.
A phase space cell cannot contain more ' .
T:&nmnba of phase space cells is large as compared with the number of particles, i)

sion principle to modify the BE g,

’ tistj
Thus, Fermi Dirac sta ticy

<ed the Pauli’s exclu
tisticg

£ free electrons in metals.

{

. than one particle.
()

()

Lo "
that the occupation index —_—Sl-

&i
(+) The particles of the system obey Pauli’s exclusion principle.
Fermions :
Fermions are the particles of a system whose energy distribution can be explained on the bagis of
FD statistics. Fermions obey Pauli’s exclusion principle. That is, two or more particles cannot exis o
the same energy level. The fermions have half integral spin.
Examples of fermions are (i) electrons (i) positrons (iii) neutrons (#v) protons and (v) atoms
ke JHe.
4.2. DISTRIBUTION OF PARTICLES ACCORDING TO MB, BE AND FD STATISTICS

The MB. BE and FD statistics are applicable under different sets of constraints as regards the
Jollowing - i
(7) The distinguishable or indistinguishable nature of molecules, and
(&) The number of particles that can occupy a cell.
'ﬂu:fa': the distribution of particles into cells will also be different for the three statistics, Let us
explain it with an example.
Suppose, we wish to distribute the two particles in three cells. It can be done as described below :
MB statistics
Ini : s N ,
In it the particies are distinguishable. Let they be designated as ‘@’ and ‘b’. Also, more than one
P”‘("‘"‘ab :;wwpy the same cell. So the possible microstates are -
. 0,0):(0,ab,0); (0,0, ab) ; . . 2
il mpossib)le.(a, b,0) .’(?, 9,6);(a0,b);(0a);0,b,a); (b, a 0). That
BE statistics -
In it the particles are indistingy; =
. le. :
tbc(s::;c;;j, Z;‘ 2 gmshab al:ﬂﬂ' be a and 4. Also, more than one particle can occupy
A »93(0,a8,0);(0,0,a3) ; (g, 4 1)
st ey »44)3(4,0,0):(0.4,4); (a, 0, g),
& Thms,maﬂmmlamzuarcpossibk: b0

GNSTEIN AND FERMI-DIRAG STATis s e
fiey =™

7 statistics r- o=
. the particles are indistinguishgbe B
; jcrostates are and one cejy canng S
gible ™ ! contain more than oni paflicle. So, the
cle. So,

(o 00,0 (0, a,a); (a0, a).
That is, in all three microstates are Possible
1. Write the access;, S
ample 4.1 cessible mig, "
MXE BE and FD statistics. Tostates for distributing 4 particles in 2 cell
e MPr n 2 cells according to

a1 (abe, d), (bed, a), (cda, c), (dab, c)
22~ (ab, cd), (ac, bd), (ad, bc), (bd, ac), (cq,
03 = (d, abc), (a, bed), (b, cda), (c, dab)
0.4 - (c abed)

That is, in all 16 microstates are possible.

ab) (bc, ad)

BE statistics

Let each particle be designated as ‘g’
@,0) — (aaaa, 0)

(3,1) — (aaa, a)

@,2) > (aa; aa)

(1,3) = (a, aaa)

0,4) - (0, aaaa) .
That s, in all five microstates are possible. ; s
FED statistics

Here no cell can occupy more than two particles. But we ha i
pojce scan : b ve 4 particles and 2 cells.
the FD distribution is not possible, because there have to be at the bestptwo particles inceach :lc;:vfl::‘h
isnot permissible. So, the number of accessible microstates is zero.

Example 42 What are the number of ways to arrange two particles ‘a’ and ‘b’ into three energy
states according to Maxwell-Boltzmann, Bose-Einstein and F. ermi-Dirac statistics ?

Solution.

MB Statistics.

The particles are distinguishable and there is no restriction on the particle to enter into any energy
State. Hence there are nine possible arrangements as shown in table 4.1.

- Then the two accessible microstates are as follows :

Table 41

Lst energy state ab = = a - a b - b
2nd energy state = ab | ] a = . b 4
3rd energy state = - abl gl b b 4 i L0y
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2 W «a’. There is no restriction on g,
e

them by

denote both of ble arrangements as shown in table 4

six possi

BE statistics
The particles are indistingul
particle o enter into any energy

shable. Let us
state. Hence there ar®

Table 4.2

FD statistics o
. o I 5

The particles are indistingu:
principle and so one energy state can occupy one
as shown in table 4.3. it

le. Let us denote both of them by ‘a’. They obey. Pauli’s exclusiop
ble. particle. Hence there are three possible arrangemen

Example 4.3. Discuss the distribution of three particles in three cells a.&\‘l.lming that they obey
(i) M-B statistics (i) B-E statistics (ii‘:) F-D statistics.

Solution. (7) Jn M—B statistics all three particles are distinguishable. Let us call them a, b .and -
Since there is no restriction on the particles to enter given cell, so 27 arrangements are possible as
shown in table (4.4).

Table 4.4

Icen[ccblbaaicba lxxx cha [ac bcab | xxx abe
Ist

!M’baalccb!xxx cha [abcabc’xxx cabcab|bac X X

lﬂmlabcjabc[abmbclabwbclxxx ’bac bac XXX abc X X

(i) In B-E statistics, all the particles are indistingishable. Let us denote them by dots (. ). Also there is
1o restriction on the particles to enter a given cell, so 10 arrangements are possible as shown in ~ table 4.5).

Table 4.5
Cells
Ist R =

[ﬂd l X ’.. of X
0 G e g
(i) In F-D statistics, all the particles are indis

there'isrestrioﬁon on the particles that only one
possible as shown in table (4.6).

tinguishable. Let us denote them by dots (+) and
particle can enter into one cell, so 3-arrangements aré

43.512E OF THE PHASE SPACE CELL IN quanTym STATISTICS

ccording to the uncertainty principle, the
stion and momentum cannot be less thap, ¢ n

AxAp > p.

Product of the uncertaint:
» Where £ is the Planck’

in the ement of the
S constant. That is :

Therefore -

Available volume Ax Ay Az Ap, Ap_ Ap — 3,

7 ize of the phase spa
That is, the s1ze O P Pace cell cannot be Jess than h. Sin
s . v - Since BE and FD statistics are based
onthe planck’s quantum hypothesis, so for applying them, we cannot assume the si su;r.:;ucs b
cell less than h. Generally, we assume it to be equal to h. size of the phase space

44.IN THE QUANTUM STATISTICS, THE PARTICLE

SOFT
BE DISTINGUISHED FROM EACH OTHER e i S

In classical statistics, the size of the cell can be as small as we desire. So; the number of the phase
space cells can be made very, very large as compared to the number of the p,articles and the chance of
one cell contaimn_g more tha.n one particle is negligible. And although each particle is identical to the
other particle, yet it can be distinguished from the other in terms of the cell it occupies.

In quantum statistics, the size of the phase space cell cannot be smaller than k. Therefore, the number
of the phase space cells may be comparable with the number of particles. So, one cell may contain one
ormore than one particles and hence the particle cannot be distinguished by the cell it occupies.

4.5. BOSE-EINSTEIN DISTRIBUTION LAW

Consider a system of 7 bosons (particles obeying BE stafistics) and k compartments. Let g, g,
, 8 be the number of cells in the compartment numbered 1, 2, ...., k respectively.

The system operates under the following two constraints :
(i) Total number of particles is constant and is equal to n
ie.n; + n,+ny + +mo=n

Ci=k
n; =n = a constant
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nergy of the system js constant
= g constant

(if) Total el
e nyly 4 gl F e + oy Uy
i=k
Znw
i=1

= g constant

i=k
2 w.dn; =0 ...(4_5.2)
i=1 o . . .
. be n; indxstmgu:shable particles in g; cells, s
nsider mpartment having &; cells. Let there i : .
< m;f;a:ﬁﬁons and (n, + g — 1) objects. And (7 + &~ 1) objects fx?:d b:ma;ranied amon
there ml, & - + p.—1) ! ways 4nd n, indistinguishable particles can be pen:d ng themselyes
i:? n! w::'i I:n(c;'ia:rgx;;eaniﬁelxs‘ Simil'arly (5 1) partitions can be permuted among themselveg in
(gi—‘ n! w(-ays and are meaningless.
Also, the total number of arrrang

That is,

inoful arrangements X meaningless arrangement

s =

Meaningful

Total number of arrangements
mangemems]=

Meaningless arrangements

Hence. total numbers of meaningful ways of distributing n; particles in g; cells according o the

assumption of the Statistics are :
(7 +8 = D!
W=
or (g =D!m)!

Here W, gives the thermodynamic probability of distributing n; particles in g; cells. The

thermodynamic probability of distributing 7 particles in k compartments is:
i=k

W=W,; X Wy X W3 X X W Xooooe XWe=[[W;
i)

g=k
(m+g=1! : ‘
W= ———
or I ! (453)

Taking natural logarithm on botb'sitli‘cs, we find :
i=
InW= 3 [In(n;+g—1!=In(g—1D!—In(m)!]

Applying Stirling formula, we sg:_ =k]
n w=Z,[<ni +g =Din(n g =D~ +g~1)
i
N ~(& =Din(g ~D+(g =1 = (n Inm =m)l
8 InW=Z [+ = 1) In(n; + g =)~ (g; = Din(g; =)= ; In 1]
Differentiating and noting that gi,i; ::onslam, we get |

i=k
d(In W)= {(,, S 1 }
1—21[ i l)x(”i+81—l)dni+dniln(ni+gi—l)

1
= {m X —dn; +dn; (Inn;)
ny

D MECHANICS (B.Sc. I SEM—IV, Gy UN];)'!’
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i In (",' +g.

of = _
i =1)~dn, — dn; In (n;))
i=k
d(InW)=%"[In (
ni+g. —
of 12_1 {8 =D=In(my dn;
very large
2 y lznv;?i’te ry large as compared tq | therefore, 1 can be neg] ted
et ) glected as compared it '8
415 (n;+g—-1= (".' +g) pared to n; + g..
i=k
d(l =
" (InW) 2[[" O + g;) ~In ()] dn;
e dn; ...(454)
ble state, the value of i
e proba e of thermodynamj ility i i
y o ynamic probability is maximum. Therefore
i=k
e 2 [in (n; + &) = In (n)] dn; =0
> _ .(455)

Now we use the. Lagrangian method of undetermined multipliers. Multiplyi i
| o, and the equation (4.5.2) by B and subtracting both from (45.5), we gzty"mg SRR L LA

i=k -
Y[ (v; + &) = In ()} dn; — odn; —Bu; dn;]1=0

i=1

k

l In(n: + g.)—Inn —a— Lu)dn =
lln(n, gi)—Inn,—a— fuldn;=0 (456)

As the variation in dn; for different compartments is independent of each other, therefore the above

I ™M

or

relation will be true only when
In (n; + g;) — In(n;) - 0.~ Bu;=0
or ln———ni+gi=a+[5u,-
n
or 1 Bi = (@t P - g% Pl
n; FE i

8 b e
(i _ (457
L

. i of
If_ n, be the number of particles per unit energy‘inferval corresponding to the mean energy
Nagnitude u, then :
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e mean energy state u.

MODERN'S

i th
ergy levels corresponding t©

where k is Boltzmant constant and T is temperan,,e .
3 in

where g, is the number of en

A
It is found (from Eg. 4.7.1) that B= T
kelvin. Therefore, we can wrile

(458)

This is the expression for Bose Einstein distribution law. It gives the distribution of energy aong
mcbosmsm:hemostpmbahlcsmwofd)esystem ' e

Example 4.4. Find the number of meaningful ways of distributing I 0 indistin g.m shable el
among 8 cells qf'. equal a priori probability according to the assumphons of BE statistics. S

Solution : ;

The number of meaningful ways of distributing the partic

_(mtg— D!
n (g —D!

Jes is given by :

Here n=10,g=8

_(@0+8-1!_ 17!
~10!8-1)! 10!7!
=19448.

4.5.1. Thermodynamic functions of a completely degenerate Fermi—Dirac gas

In case of strong degeneracy at temperature T above absolute zero, The energy of fermi dirac gas

can be written as :
g3 [, 5/(=KT) | :
= S"uf 12 uf ——essssese - (1)

= %[y 5 (KT Y
3( v )[”5(7) ot Q)

Thermal Cay .
ipacity C.. At such low temperature, the fermi dirac gas will have a thermal capacity

given as ;
dE) %/,
>4 (aT),;— .'

N AND FERMI-DIRAG STATistics

= .?*I"J,‘E'f-.’i!ﬂ”r?qm =

el T

=913 B 105 §
oT| 5745 {14+ ZKTV
12 Uy | =

= nu (ﬂ 4 T
u 73 e0) LS o
T
S T(nK)IL .
Pt 0%
e know the fermi energy f (3)
2
U= L( 3n 23
Ap\dnve [ s the spin degeneracy factor]
nT
Now Cy = T(vrl()2 1
i 3 213
2m\ 47 Vg,
Cy= M(“’Wgs )2’ ?
5 n 3n &)

jom this result, we can say that heat capacity per particle would be small for large densities (ij and
sall particle mass 7. If the particles are electrons then eq. (4) gives electronic specific heat. At ordinary

| (emperature, the contribution to the specific heat of metals due to electrons will be negligible as compared

wothe contribution due to atoms because the atomic specific heat is proportional to T
imperature electronic specific'heat will be significant. e e
Entropy. Entropy S can be obtained as :

T,
C
S: _VdT
S
0

% ,

e n*mK? (4aVg, \)Z'B.T
Ny h2 3"

0

namK> (41!Vg, )2’ b
n? 3n
If we use equation (3) then entropy, can be : :

T

mup (2K Ny
- 2 uf

0
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2
nity f_’f P i
—"7-‘ "f

8 (%){7(5}) ........... }

elmholtz Free .. It can be written as g

. - g F=E-TS

where Eis the internal energy
T Absolute temperature

S Final entropy-

[ B | e

Y

3 _l_nKTZ
F—’lllfs 4 uf

This is the expression for Helmholtz free energy.

4.6. BLACK BODY RADIATIONS

A body that absorbs all the radiations falling on it is called a perfectly black body or simply a black
body. Thus, the absorptive power of a perfectly black body is 1. However, no such body exists in
practice. The nearest practical approach to a black body is the surface coated with lamp
black. However, its absorptive power is found to be

0.97 and not 1. It in fact, transmits most of the long
wavelength infra red (thermal) radiations. A number
of physicists in the 19th century attempted to design a
perfectly black body. Prominent among them were P
Lummer, Pringsheim, Wien and Ferry. The simplest gl O
design for the perfectly black body was suggested by Ferry,
the same is described below :
Ferry’s black body consists of a hollow double
walled metallic sphere, having a fine opening on one
side as shown in fig. 4.6.1. The air from within the
walls is evaporated to avoid losses of heat due to
;c;nz::: mc;uz:c;:xz;(lc. This helps in maintaining =
osure constant. g. 4.6.1

The i b 5 RS
¢ inner wall of the enclosure is generally pairfed black. Just opposite to the opening O, a sharp edged

conical projecti : S
Projection P is fitted. This ensures that gven a ray of light that may be incident normally at the

surface just opposite to the opening O cannot gefurn along the same path

b

| they

A is abg
ffow ¥ of absorption is independent of g - ned and

R

=ik AND Emkbinicﬁﬁ‘r@fﬁ@
o ray of the radiations enterg ' ' o
\yheo ?n F)i,g. 4.6.1. At every reﬂec“tliz:ndosme Hirough g, m -
22 ,a  Openi : |
0¥ - ctions mOSt of the incident ray i e iDCide:\p:: o, it suffers multiple reflections
: alely (say 97, of it) is absorbed. After
3 t1s absorbed. The above

ing the enclosure thr, Wavelength, Y Whole of ;
> entering ;| ough the gpen: . St Of the jre: of i
.Bn(’“%s the enclosure is 1. By makip g lhepe are comp e:‘:l‘dem radiations. Therefore all th
vawal' oof the radiations entering the e, clogu::a of CT08S-Section g absorbed and hence the al;sorpﬁv:
ces of the opening further helps in Drevent SCape Ut are greay eegpemng Very very small. the
iﬂﬁ?m Thus, the enclosure behaves Jike A pelt-lfng the escape of they :ad“Ced The conical projection
up‘“‘"g',djng to the Prevost’s theory of the ° ectly black body, 1ations entering through the
AccO ero both absorbs oo xchange of ryg;
o absolut® 2 hould and emits Tadiations, g ations, everybody gt 41
X%, plack body showd also emit all types op . o % the constant ¢
n:

= temperatures
s Perature enclosure of

= of the
It is found that the radiations inside a

c! : = iations wj
fee? he enclosure. That is, the nature of radiatiop, Will have al] the characteristics of the radiations

; S will de
:fdl ot on the nature, shape or colour, etc. of the g ofp:f]zdeﬁgf?suﬂ: emperature of the enclosure
2 Planck’s quantum thy
cording to the q eory, the ene v el
g;are usually called photons. The enclosure 18y of radiations is quantised. The quanta of

contai
Oty of light. The movement of the photons is :ant:m »e1y large number of photons, moving at the

i om as i A
:::o::gj’aﬁons inside the enclosure is also known as “pl’::]:\:;sgt:;i case with gas molecules. Therefore,
The particles or quanta of photon gas are indistinguishable. Their spin s 1, Thatis spin integral. So

do not obey Pauli’s exclusion principle. The size of the phase space cell cannot be less than the

Planck’s constant ko number.of photons can be there in a particular level (phase space cell) of the
given energy state. Ths, the‘y s atisfy the assumptions of the BE statistics. So BE statistics can be used
o study the black body radiation. z

pifference between Photons and Other Bosons

The rest mass of photon is zero. This is not the case with any other boson. So, the number of bosons
in the photon gas is not limited. Unlike gas molecules, the photons are continuously emitted and
absorbed by the walls of the enclosure. Although the total energy of the photon gas within the enclosure
isconstant yet the number of photons may vary. This implies that two or more photons may be absorbed
atany instant and a single photon of equivalent energy may be emitted or vice versa. So, the photon gas
does not obey the constancy of the particles and accordingly BE distribution formula need to be modified.

Since Zdn; #0

.. The multiplier @, corresponding to the constraint of constancy of particles in the derivation of the
BE distribution law becomes zero.

Another difference is in the property of polarisation of the em. waves whose quanta the photons
the system need to be

s and the other

ae. The photons have left handed and right handed polarisation. Accordin_gly, .
teated as consisting of two sub-systems, one having the left handed polarised particle
laving right handed polarised particles. Therefore,
Tomentum interval, the volume of the position space gets doubled up.

fhergy Distribution in the Spectrum of Black Body Radiations

The first ever analysis of the infra red spectrum was carried

,Edlﬂﬁons of the sun using a rock salt prism. How.evei’,i)th; dﬁ::;;fe:ﬁ spl;:;
uB.the Spectrum of a black body radiation was carried-out n?ﬂe of the range of thermal radiations.

g a fluorspar prism which is transparent {0 almostow

for obtaining the number of cells in a particular

Langley, who studied the them.ml
kil ngles the energy distribution
sheim in the year 1899,
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Source of B.B- Radiation

108 |
The experimental arrange-ment
consisted of a carbon tube, \\'h{ch
was heated electrically and ua.?
used as a source of black body
radiations. A narmrow beam of
radiations was obtained usmg”a
fine slit S as shown in the fig. 4.6.2.
The beam is rendered parallel by
reflecting it from concave r_tﬂector
(mirror) M, and is then quen: on
fluorspar prism P, which disperses
the thermal radiations. The

with the help

4

Fig. 4.6.2.

¥ e reflector (mirror) M. T
: defined spectrum of another concav: ¢ M. .he the,
::i,a;‘:nﬂf different wavelengths are brought to focus at different points and are studied with the o
of bolometer®. By rotating the prism, the radiations of different wavelengths are mcndel.n on the bolome,;
and their radiant ;znexgy l-fA is measured. (In fact we measure the energy E corresponding to a smaj] bang
4. around A and obtain E; using the relation ¢; = E di...). Grapl.ls are plotted Between
T,) of the black body as shown in fig. 4.6.3. From the

of wave-length
/. and E; for different temperatures (T, Ty, Tz,

mfoﬂouingamclnsionscanbedmwn: s
1. The general nature of the curves is same at all temperatures but the emissive power of the ‘ h

black body is greater at higher temperatures.
2. The distribution of energy among the various

wavelengths is not uniform.

3. The amount of energy emitted per second
increases for all wavelengths with the increase
in temperature of the black body.

4. The amount of energy emitted per second by
the black body is small both for short as well

as Jong wavelength and most of the emission
of radiations is confined to intermediate

wavelengths.

5. Comresponding to every temperature of the
black body there is a wavelength 4, , for
which the emissive power is highest.

6. The wavelength 1, corresponding to
maximum emission shifts towards shorter

yalnaasdzlempaznneofﬂleblackbody
increases. (The dotted line in the figure joins the peaks of the various curves, which shows

the trend in shifting of 4 towards values). It is fi is i i ‘
: xe (ﬁ o ). It is found that /4, is inversely propoxﬁonﬂ to the

e T = a constant. It is called Wiens Displacement law, v
A amount of the energy emitted per second by the black body within the wavelengths

T4>T3>T2>T1

Fig. 4.6.3.

—

A;and A, is proportional ? ?
R 2/ 3 E; dl. Here | E, di represents the area between the curve

A

a platinum resistance thermometer ;
thermal radiasig, The of low thermal capacity and high sensitivity. It15
Matipas, The term bolomr is derived from the Greek word bole

*Bolometer js essentially
specifically modified to detect the

0
called Stefan’s law.
APPLICATION OF B.E. STATISTICS 10
HISTRIBUTION OF THE BLACK Bopy

PLANCK’S 1o
w
RADIATIONS | T ENERGY

. . : theory‘
gm' Wwith, the only justification of
anck’ s law. However, now it can be
onsider the derivation of Planck’s

of which h'e was successful in deriving the
i already known is called Bose-Einstein staistics,
satistics proposed by Bose was that it could obtain the P}

e : :
7ed on the basis of quantum mechanics as well. Now, we c

| stifi tabut
: jll‘sw from the BE distribution law, obtained in section 4.5,

Bose-Einstcin energy distribution law gives the number of bosons n_ having the mean energy
= u

§as':

o 8u

= ik 411
Here g, is the number of energy levels corresponding to the mean energy state . In the

satistical terminology, it gives the number of phase space cells corresponding to the mean energy

level w and ¢ is the multiplier connected with the constraint of constancy of number of particles

in the system.
| Incase of photon gas, the rest mass of the particles is zero. Therefore their number as explained
insection 4.6, is not constant as they are continuously emitted and absorbed by the walls of the

enclosure.
i=k
2 n; is not a constant.

i=1

i=k
Hence 2 dn; #0
&

This means that the constraint of constancy of number of
p!'°‘°“ gas. To take this fact into account we put & = 0, Hence,
A

fistibution: becomes :

That is

particles does not apply to the
the expression for the energy

(41.2)

o) 93U

photon of frequency ¥ is given by

The energy of the photons is quantised and the e

meaning a ray,
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i U5
u = . Hence equation (4.7.2) can bo Wi Aﬂothe
N 3= ——%’d" RCH B = £ where A is the w
T i having frequency between v and 4 o since A avelength, therefore,
. joht waves ; dy, ‘
This gives the number of phntorl-‘c:[;chf: nding to the momentum interval p apg dp "
Also, the number of phase space CCFF Is; dv = 7(11
47 sz d . .
. d = "_E/J‘p' Hdince, I::‘:tiasinl::,b?rs dt‘:’ﬁe““'_"gy ‘gensny corresponding to the wavelength interval A and
hoton gas fy = h, ; + dh can ubstituting the values of v and dv in the ri : £
ce cell. In case of p 529 240) where } is g %4_7,8) e right hand side of equation
8mh (:3 1
290 X—=X——e—|—dA
3 737 phelakT _1(12 )

where h, is the size of the phase spa

Planck’s constam ; therefore -
2
47Vp
g dp = "—’h:’ dp "‘(4.7.4)
. e f polarization, which i
Due to their characteristics, photons have two types OF 1S term L . @ A\
left hxndmm‘ ml;iav;on and right ha];ded po]arisau'on respectively. These photons Cann:g:: Negative s1gn with |d4 _—12 is omitted.
considered indistinguishable. So, as explained in section 4.6, the system may be considered ¢, b
made of two sub-systems each of volume V. Hence total volume of the system becomes 2y and . E. dl = 8mhe di
equation (4.74) reduces to % i S = X———ehc, Wy -(479)
= 8 ”sz e This is the Planck’s law in terms of the wavelength of the radiations.
& = -.(4
P P (4.7.5) 4.8. BOSE-EINSTEIN GAS
An assembly of indistinguishable elementary particles having zero or integral spin (i.e. bosons)
Bose-Einstein gas. Let us consider a perfect Bose-Einstein gas consisting of n
....... 3 M -......number of particles
........ respectively.

....... u;

d among quantum states such that there are ny, 1,,
constant energies are u;, Uy,

is regarded as
most probable distribution is given by

Now, momentum of a photon is given by
hv
bosons distribute
in quantum states whose approximate

=
- P L
Substituting in equation (4.7.5), wce get : For a perfect Bose-Einstein gas, the
gV _ (wY (h pLfee L (481)
o -7 [24) s A :
o . where g;1S the number of phase space cell in the ith compartment and is a measure of degeneracy.
o g, dv = AL dv Sl i Since for an ideal gas, the interaction between its particles is considered to be entirely
Substituti ‘ . e (‘1‘76) translational in character, hence the result obtained will be applicable to 2 monoatomic gas.
the value of ¢ in Eq. (47.3), we get For convenience, let €% = A
VP 1 So Eq. (4.8.1) becomes
Ilvdl’ = —X- /[ir dV (477) 0 ___gl__
EWEJ'Ode . . Cz ehy -1 "\ nl' 7= 1 ﬁl‘ N
radiations between the frequency interval v and v + dv is : , e —1 i
u, dv = [ndv] hy / g 1
R ) s Since R i
[ 8aVy? 2 1 kT
=N T A T by, gt 2 o 8i (487
Therefore, the energy dens e MM e n = m ; (CR)) A
ity of radiations between the frequency i , o 15‘“ A LekT —1 - 3
cy interval v and v + dv 5% Since phase space cells according to the momenturm interval p and p + dp is given by
AnVp -
g dp = 50
J ho
[V

= 87th2 . 1 - 3
P 7 (4.78)
iy

where h, is the size of the phas

This is the Planck's lay
i terms of frequency for the black body radiations

e space cell.

b =0, &
\'4
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onstant)
In case of Bose-Einstein gas fg =/ (Planck’s ©
4.7V["
B = —3 ¥

- e
From Eq. (4.8.2) for most probable distribution, th
range p and p + dp is given by

dn,

gpap
P u

A_'e‘_'f =1
Since momentum and energy are related by

"=2m

pZ

or 2pdp

g

2m du

dp

Y
s

or

So Eg. (4.8.3) becomes
472V 2mu) (m/2u)""* du

u=h3

e
ATk —1

47mV 2m)"*u*du

= i n ] it
N

_ 4amV 2m)" 2 (kTx)" 2 kTdx
X A leF -1
. l/2dx
‘\/—(A Iex_l)

dn

dn, (27tka)3’2

- Total number of particles is given by

or 3

smvsﬂw"w'cs

...(4.8.3)

number of particles in the m°meﬂtum

(485)

..(4.8.6)

...(4.8.7)

...(4.8.8)

l

F ((l) = xllz
1
wh“e {A‘l B

y (owl energy of the system is giyen by

E = [udn@
ing B4 (4.8.6), we get
s

E = [KTxdn ()

Jsing Eq. (4.8.7), we get

v
E = ?(ank'r)mk-ri 22
A A—lex =

(2nka)3’21(r %
3 e e
" 2 3~/nf ATle" -1

Ei= 3—V 2 32 u
or = 2w ZD TR TR @) -(48.10)
R
dx
where F, @) = f ey (48.11)
Now let us evaluate the integrals F, (a) and F, (a).
For a Bose-Einstein system a should be positive otherwise the value of n= g AlPn gy
becomes negatlve at sufficient low energies, which is physu:ally unacceptable.
When a is +ve, A < 1 and the integral F; () is given by
- R ® A2
dx ) dx
Fi(@) =
l() \/_IAII J_f —lx(l Ae—x)
j‘ 12, 1
1125=x =
= (1-Ae ™) ldx
Jn g
2 -2 s
A 2ZeEU+ATT + A% T Ho)dx o)

@
or Fi(@) = —o| AR/ Al [
1 44 0 0
2 3
2 (nf, A ﬂ
= —|—|A+5 T .
= a{ > (A FIPARRTE

(48.12)
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Similarly
& 3 X :.'l'l’
i . \jlf{rx’ Ry
— -5 3
4 |3Jx A° A
- = ;[\4 A+55—/7+—435/2+ ...... ”
A: A3
or Fia) = A+ 57 + 3;2—-0- ........ (4.8.]3)
Putting the value of Fy(a) and F;(@) in Eq. (4.8.8) and Eq. (4.8.10), we get
2 3
v A A
n = ;S—(Zﬂmk'r)3/2[A+ ——23/2 + 3—3/5‘4' ........ J (4~8,14)
2 3
3V A A
And E= ZT(ZJMI(T)-?/Z[(T[A + —25—/2 + ;57+ ........ } (4.8.15)

Dividing Eg. (4.8.15) by (4.8.14), we get

il
E _3 A% n? @z LAl
= =5kT[A+557+§57+ ........ J [A+237+33/2+ ........

2 2 -1
. I e [ ]
2 3 2573

...(4.8.16)

4.9.  MAXWELL-BOLTZMANN DISTRIBUT,
ION 3
EINSTEIN DISTRIBUTION AS A LIMITING CASE OF BOSE

For a perfi inste; :
perfect Bose-Einstein gas, the most probable distribution is given by

n = gi gi

A M

T (4.9.1) [+ €@ = Al
A

86T SNV, By,

N

|N AND FERMI-DIRAC STK"GTlca

f 5 << 1 the ¢ o

A= L
_l‘eﬂu,
3
§ince A2
npim — L)

is Maxwell-Boltzmann distribyi,

mis % ' bution law red . Hence in the i
. distribution law reduces to Maxwe|.p 1 IMiling case of A << | th
- ofeil 2 s oltzmann distribue , the Bose-
Bose-Einstein gas, th Istribution.
#)tso from B 84S, fhe energy of the system s giyen W
2 M 1 A A
i) 25\/2_35\,2]
Now for A << 1
3
E = =nkT
i -(493)

This is Maxwell Boltzmann i.e. classical statistics,
410. pEGENERACY AND BOSE-EINSTEIN CONDENSATION
e
pegeneracy

For a perfect Bose-Einstein gas, the total number of particles 1 are given by

N A% FpP
() 32 SENT
= B (27wmKkT) {A+23/2 - 7 (4.10.1)
A%
IfA << 1, then n = h—3(2nka)3’2A
3/2
2
or : % STEsh -(4102)
; V\2wmkT

If n increases and (or T decreases), the value of A increases and there i deviations from xhe
ideal gas behaviour. The deviations from perfect gas behaviour exhibited by Bose Einstein gas is
lermed as ‘gas degeneracy.’ The gas degeneracy is obviously a function of A called degeneracy
Parameter,

From equation (4.10.2), we find that the value of A depe
emperature. Thus for particles of small mass at low temperatures
Will be higher,

For lowest energy state, A = 1
3 A=e?, and @ can neyv

nds upon number density, mass and
and small volume, the degeneracy

er be negativel, So Eq. (4.10.1) becomes




%
£ Cartic sity will be
. Maximum value of particle der:i-","]‘T)S/z &
‘ @t x2.
{\L] : :T/ itical tem
or - max £V is termed a5 TO called cri perature, then
If the temperature al this value O ; )3/2
n _ @) _x2612 410
v i
& )2/3_—}1—3_
- T = (sz,m 2amk
Thus T, is the : at which the 7
degeneracy of
pweca £ shown in Fig. 4.10.1.

between E and T is as
med)egaphweﬁndthatbelowTotbefull
line shows the relation between E and T of 2
degenerate gas, while the dotted line through

energy levels starts. A graph I

the origin that of 2 non-degenerate gas. E
The reason for gas degeneracy at low ’/:
temperature (ie. for T < Ty) is due to the faf:t e
that, while arriving at the Bose-Einstein e
distribution, we assumed the continuous % :
% 1

distribution in place of discrete distribution due /
to closeness of energy levels and replaced the
summation by integration. But at low Fig. 4.10.1

temperature, the particles of Bose gas begin .
1o crowd into lower energy level and the above condition is violated. So we must be careful in

replacing the summation into integration while working at low temperature.
Bose Einstein condensation
The number of particles lying between energy range u and u + du is given by (Eq. 495)
v2my :
m ...(4.10.4)

(o]
5
=

dn(u) = 4”—;"‘,
h

__ gdu ,

dn () = IR ..(4.10.5)

whem £) = L";V 2mu
’

SE-EINSTEIN AND FERMI-DIRAG STATISTICS

Eq. (4.10.5) is applied for all states ex
sepa_rately. For a single state, we write

For ground state u; = Up=0and g, =1
.. Number of particles in ground state is given by

~. The total number of particle states may be written as
n = ny+ f dn(u)

where

Let .
=~ So

or

But

or

©pt ground state, and the ground state should be treated

, _ (4amV Pmudu _ Am
a h3 (ea+ulk’l'_1)

© o
Fe 4“’:VJ2—mf(k’I')
com

3V Jom(kTy 2 -!)-

(See Eq. 48.9)

N ey J—f—fi(a)

. ven i o
= —_‘—h3

[See Eq. 4.10.3]

HariMohal
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(4.
- s @103,
2612Ty°
2 A®
: = A+ ————'+—3//7 ..........
Since F, @ =/ 23/2 .
ForA=landa=0,
J +’1——+ .......... =2.612
F, o = 1+;/—2' 33/2
3/2
V 2amk)’ b 3
V@) _ ——n “.109
3 ROT,
So Eg. (4.10.7) becomes :
3/2
a
2 3 @ -(4.10.10)
L) B@
e 5 _
R0

So the value of n’ given in Eq. (4.10.10) acquires its maximum value wheq = 0. Thus for
a =0, the maximum number of particles occupying states above ground state is given by

T 3/2
= n(:r—) (for T < Ty)

--(4.10.11)
0
and rest of particles are given by
nyg =n—n'
T 3/2
=n—n|—
T
T 3/2
=n l_(ﬁ) , (for T < Ty ...(4.10.12)

must condense into ground state.

Thus fro; i ;
aT<T, (;mm)w;eﬁnlu@a; ou 1°Wem_lg the temperature of Bose-Einstein gas and
condensation into this state, ﬂu.; p/xep cles fall rapidly into the ground state. This is a sort of

state of a Bose-Einstein gas at g :em”;e':::';o," obfZ:pid iflfrease of number of particles of ground
Einstein condensation. The temperature T " e crilical temperature T, is called the Bose-

at whi 1oy, :
- occur depends upon the density of the gas.o'rh which the Bose-Einstein condensation begins to

helium should show condensation and el € critical temperatu

7 R which is very cloge
; fluid, It is be]j Ty to calculated value. Below 2.19
2.19 K is due to Bose Einstein condensatiy ::ved that the transitiop observed in liquid helium at

o5,

£ £INSTEIN AND FERMIDIRAG Stifisriss s
NA 16_1, property of Liquid Hej g

. and the tota]
jave mportant Properties at low temperature. Bl momentum of these atomsis zero. Heljum

1. At atmospheric pressure, heliym gas
condenses at 4.3 K into a liquid of very

Jow density (0.124 gm/cm?), T 40
2. Further cooling to helium at about 0,82 ~% : ]
K, it does not freeze. It remains liquid gE‘:, 20 tnsiofbana(iost £
8

all the way down to absolute zero, The
solid state of helium cannot form unless
an external pressure of 23 atmosphere L 1
is applied on it. The phase diagram of
helium is shown in Fig. 4.10.2.

T=2.1ge°K  Critical point

Flg. 4.10.2. Phase diagram of liquid helium

3, There'ls another phase transition of helium in liquid phase, called A-transition. The liquid state
of helium can hav-e tv.vo phases He I and He II. K. Onnes found on liquefying the helium that at
about .2.2 ¥(, density increases abruptly upto maximum and then decreasing slightly thereafter.
Invesu'gfmons also revealed that the critical temperature is found at 2.186 K. Which represents
a transition to a new state of matter known as liquid He II. It was also found that

(a) The heat conductivity is very large of the order of 3.10° times greater.

(b) The coc. :ient of viscosity gradually decreases as the temperature is lowered and approaching
Zero at a.wolute zero temperature.

(c) Keesom measured the specific heat as
shown in Fig. 4.10.3. It is discontinuous i
at 2.186 K. The shape of specific heat 3R
curve looks like the shape of letter A.

This peculiar transition is called A- T
transition. The discontinuity temperature 2R
2.186 K is called A-point. Experimentally |
it was observed that at A-point, Liquid

He II state has no latent heat. The R
transition of He] —> He Il atT, isa
second order transition. The transition
temperature decreases as the pressure is
increased, which can be seen by 4 line
transition in Fig. 4.10.3.

4.11. FERMI DIRAC DISTRIBUTION LAW

(the particles obeying FD statistics). Let, in the most probable

ieS Uy, Uy, Ugpeseess respectively. The
A energy interval.

M
A
|

T

T 2 3 4 TK—

Fig. 4.10.3. Specific heat curve of liquid He

Consider a system of n fermions, L
state, n., n.,, n n, particles be possessing mean ’

' 1; 2, 3 ......... k p ‘0 one
Phase space may be divided into k compartments each corresponding

HariMaTeA
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al to u,. Let
ing energy €quaL fo #; 81,82,3
e S

s

e — < cach pOsSeSSIE =™ o cpectively. So ther, 53w
” %ﬂh compartment contains % part clens[s pumber I 2,
be the number of cells in mevoompmm’e
cells in the ith compartment 1S & A
’f’he system operates under the follow :

. ;< cons!
(i) Total number of particles is €0

+ﬂk="

le.  mptmptagte

}: n o=n = a constant
or

o 0}

(i) Total energy of the system is constant. Jy
ie My + Nyl + e I = a cons

.Z w; dn; =0 el

: 5 ion principle, that is, one cell can contain either one or zer,
pa:cljfe;mfm r::e ,{umpabg ifez::ll.;m;ns]]::;‘ch;le equal to or more than the particles n, 'in th::;
compartment. We;lssumeg,.>ni. Out of g; cell n; cells are filled up and (g; — n;) are yacant

Now g. cells can be arranged among themselves in (g,) ! ways. Also, (7;) ! permutations of the fifleq
up cells a;mmg themselves and (g; — n;) ! permutations of vace}nt .c-ells am.on.g l'fhelr'lselves are
meaningless because the cells are identical and the particles are also identical or indistinguishable, i,
they do not give any different arrangement. ) et

The total number of meaningless arrangements is () ! (g;—n;) ! Also :

Total number of ammgéments :

[Nmnba of meamngful] 5
g g Number of meaningless arrangements . .

If the number of meaningful arrangements of n; particles in g; cells be denoted by W then
W, = (&)! i |
() ! (g; —m;)!
Similar arangements can be ol?t?med for other compartments,
So, the thermodynamic mhmw of the macrostate (ny, ny, T3, ooy ) 0S¢
wo'T_ (8)!
i=104) ! (g; ~n;))
Taking natural logarithms, we find :

i=k
InW= In(g,) 1~
l';l [ (g‘)' ln(n,.)g_l,,(g‘, —ni) |

(4111)

@11

iR L T — ' oAl

Using Stirling formula, we get : -

i=k Uil st e
InW = iZ:l [gi Ing —% = Inn;— n)—

{(é’i =) In (g —n)— (g — ’H‘)}]

i=k
In'W = Z [g; in g; —nilnn —(g; —n,) In (g; —n)]

i=1

or

Differentiating and noting that &;1s a constant, we get :

i=k
dinW)= ¥ [0—{(dn,-) Inn; + n, xidn,-}

i= n;

1
— 1 & dn) (T (ESpte i L
{ ;) In (g; — m;) + (g ")(gi "i)( dn,)H

Il
=

[=dn; In n; —dn; +dn; In(g; —n;)+ dn; |

i
or d(in W) =

i

Il

k
[In (g; — n;) = In n;] dn; .

([
—

Since for the most probable state W and hence In'W is constant, therefore d (In W) =0

i=k
ie. 2 Un (g = m) = dnm)) dn; =0

i=1

((71)}

For making use of the Lagrangian method of undetermined multipliers, we multiply the equation
(9) by & and equation (i) by B and subtracting  these products from equation (iii), we get :
i=k :
'21 [in (g —n) = Inn -0 —Buldn =0
i=

Since dn;-s are independent of one another, so

In (g,-—n,.)—lnni—on—ﬂui=0 y
.-—n.
or ln(g' ')=a+lg"i S
n;
S~ _ o By >
n

or 8_,'=eaeﬂui+1
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& -..(iv)
= Tcﬁ:l_ ding to the mean energy
€ X sl correspon magm
unit energy inter? de
particles per

or

If n,, be the number of
u, then
&y du
=
n, du="g Bu sl
te u.
ng to the energy Sta :
nding 0 s Boltzmann constant and T is the tem,

els correspo
’ ;s the number of levels ¢ ; “Mperagypg :
where g, is der which the system is operating, n

=1/kT where ki
3 d that ﬂ kT, %

It has already been foun

kelvin. The value of ais E"ﬂ]naf&i from the Condlﬂoﬂs uni

Su du
- (4.1
n, du= (ea AT 4 1) i3
. . It gives the number of fermiong Within b
-« i< called Fermi-Dirac distribution Jaw for energy. - Sl
mmmgu 4 u when the system of particles is 11 equilibrium s. ' .
- u m'u *’}.e number of ways in \which 3 fermions may be distributed lfl 5 cells.
Solution. ?hci”::z;er of meaningful ways of distributing ; fermions in g; cells is given by
B &!
"ol m)!
Kl n=3and g=5
51 _5x4x3!
W= 3021 31x2x1 ©

4.12. DISTRIBUTION OF ENERGY AMONG THE FREE ELECTRONS IN A METAL

The free electrons in the metals move about at random in the same way as gas molecules do. So,
this collection of free electrons is called electron gas. The energy distribution among the electrons in a
metal obeys the FD distribution law.

The FD distribution law is :

= 8u :
n, du = m du, ...(l)
where the value of ¢ is obtaimdﬁomtheacmalconsuainmonthesystem.
Fermi and Dirac in the year 1926, applied the statisical method to the electron gas assuming that
the distribution of their i

who At absolute 7610 (T = 0 K) the encrgy of the electrons and hence
ﬂllal :f the ;lyﬂcm is mmmmm'ﬂm is, 2t 0K only the lower energy levels should be occupied by the
el ectrons.lll ecsv.rons obey Pauli’s excllfsxon principle. That is, each energy level is occupied by one
;Zcixzizm{ieszuﬂmabﬁmﬁ uP of the energy levels tarts from the lowest energy leve
cleoron xist, 1t i ol gy I:L — There comes an energy level above which 10

Above this level all energy levels are vacant

" BOSE-

EINSTEIN AND_FE_ﬁHI}EfHA&'sﬁ?,ﬁ&s" AR TDETETr
The energy of the fermi leye] i oo T
B ars s abe el is f:alled fermi energy (up). Thus, the energy of a level below wh
> OVe which all the energy levels are vacant is
In the language of Statistics we can say thatat T=Q K -
n,=0forusy

ich all
alled fermi energy.

In other words, the occu,

pation index :
n
@ —£ =0 for
2 u>up

- n
and (i) "‘=1f0rusuf,
u
If we plot the occupation index against the energy u, the graph obtained is as shown in Fig. 4.12.1.

z T=0
n M N T>0
_u 2
3, T
—>u . ug i = ug
e e s U | .
Fig. 4.12.1 Fig. 4.122

The graph betw?en ™, and u is as shown in Fig. 4.12.1. At temperature above 0 K there is no
sudden cut off as evident from the figure. These facts are used in obtaining the value of o as follows :
Value of a.

From Eq. (i), we have

\

n, _ 1
8 €% T (i)

From (i), we find that the dimensions of o should be the same as that of w/KT.

Also, foru < Ug the occupation index (n—") is 1, that is :
8u

Putting u = Up We get :

Bk,
P L
o e kT L 121
- o kT g
or . ea+u,/k’l‘=0l
or a+upIkT=0
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up

Le. C="0%T

Substituting the value of & in (i), we gel

8Bu du
= =l
n, du= R VAT | q (i)

Determination of g, rvalpand p +dp is :

mentum inte
The number of phase space cells corres| g to the mO

pondin,

2
ﬂl—dp

8 # =3
In case of electron £a5 which obeys the FD statistics, e

where A is the size of the phase space cell.
have &, = h = Planck’s constant.

2
4nVp .
gpdp = P dp -(v)

1

1
The electrons have two spin states i.e. Spil 2 and — 2 Tl_:crefore, the electron gas system can be

-4l 1
considered 1o be made of two sub-systems (one each corresponding to the spins 2 and — 5) enclosed

in the same volume. Accordingly, the total volume of the system should be taken as 2V instead of V'
and the expression (iv) becomes :

8n Vp? ‘
g, dp= —h—3p— dp. ()

Also, if m be the mass of electron, v be the velocity, then KE of electron is given by :

2
=— =2mi
u=-— or p 7

It is assumed that whole of the energy of the electron is kinetic. Differentiating we get :

2pdp=2mdu
or dp=ﬂdu
P

m m
or dp = du = \’_ d
2mu 2u :
Substituting the values of 2 and dp in the right i i
I o Anfiben b dp right hand side of equation (v), we get the number of

81V
8 du === ) |7 gy
h 2u

or g du= S LV
" & (Vi)

8 125 B

7 3 S (4.12.1)

This is the Fermi-Dirac distribution law for the electron gas.

4,13, FERMI ENERGY
s ——————

The fermi,..energy is the energy of the level at 0 K, above which all the energy levels are vacant
and below which all the energy levels are completely filled.

The number of electrons in the energy interval u and u + du according to Fermi-Dirac distribution
Jaw is given by

N8R

di
» 2 JamuplE v ..(0)

n, du

u

-. Total number of electrons in the system is given by :

Br
n= [ n,du
0
Because maximum value of u for filled up energy levels is equal to fermi energy up
8«/2an3/2 ug ul/?. 5
n= —————du
e o QUDIFT
AtT=0foru < u;, we get = 4p/KT = ¢ = 0, Therefore
' 2 Vm'? Yy
n= §_\/_’3m_ {} u'’? du
h [}
Wi
v SJQWVMNZ u3l7.
; e | E
or h3 2
2
x 8\[2-7[ VMSIZ E u3/2
or L= W3 3 )
which gives :
2\3
3n I ]
i s\fithm:”2 =
' 213
B ( 3n
or ¥~ 2m \ 82V

(i)
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depends uPO"

From the above express!

volume, and is independent o
FD distribution law in terms of
From eguation (i). We find :

on we find that %
'\'s!th

 the volume of the S
fermi energy

w3 an
Eﬁl‘_gvl-"——=5"“f X
[

Substituting in equation (i), we get
V2

5. ui e oS (4.1
,,-@z-z-n u,y ?.T-T/T/*’T_; 3.1

This gives the Fermi-Dirac distribution aw in terms of fermi encrgy:
LECTRONS AT 0 K

4.14. MEAN (OR AVERAGE) ENERGY OF El

mnbaofdewnmposswcingenﬂ'gybetwwnuandu+duis:
12

35 -0 u du
n, du = 5" ug :(,—_7)'//(’1';

At gbsolute zero, T=0,u4 < ur
C(._.")/H =e==0.

Hence n du = %n ;" U du
Now u = Total energy of the system
<4
= [ [n, dulu
0
3 -2 |2
or —of [Znuf
uf
3 /2
u=[—nu’3’2J ”5—
o 2" 5
2

i BOSE-EINSTEIN AND FERMI-DIRAC STATISTICS

NECHANICS | (B:Sc- Il SEM.Sfy;
— : M e b f e clecton p

4.15. AVERAGE SPEED OF ELECTRONS AT 0 K

Total energy of the system

Mean energy = o
Total number of particles n
. Mean energy,
e nu
Fdil)
u, = ﬁ == S = 2 u 7
n n 5

Average speed
The number of electrons possessing energy between u and u + du is :

1/
3/2 u

du= L L QI
n, “—En“f S ET

At absolute zero T=0and u < ug
. e(u—uf)/kT =e==0

K
Hence n,du = En u;'I2 u!'? du ()
%
Now u = —z-rmi » where m is mass of electron and v is its velocity.

du=%mx2vdu=m’udv.

1
Also, ug = Emv}- , wWhere vfis the velocity of electron at fermi energy level.

Substituting in equation (i), we get the number of particles having velocity betweenv and v + dv as:

31 =3§2 1 1/2
n,dv = —n(—mv%-) (—z-mvz\) (mvdv)

25\
or ny,dv =3n vf3 v dv.
If v, be the average velocity of the electrons at 0K, then
Uy
J- v n, dv
0
v, = p:
uf )
_fv (’,’mv}3 vz) dv
_0
e -

L7
=37 [ dv )
0
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ISTICS

distinguishable, because the size of the phage sp

In classical statistics, the particles are considered
cell can be as small as we like. So, the space can be

none. In this way, the particles can be numbered in terms of the nyy,
h other. In quantum statistics, the size of tho
f the space cells is limited and each ce]j ma

each cell contains one particle or
of the cells and they can be distinguished from eac
cannot be less than Planck’s constant. So, the number o

contain more than one particle. Therefore, they cannot be distinguished from one another in terp,q
of

the identity of the cell, any particle occupies.

From the above, we find that in classical statistics, the number of phase space cells is more than t,
e

number of particles. However, if the number of particles is not very large, then even in quantum Statisg;
'the number of the cells can be large than that of the particles. In that case particles can be distingy; s
in the same way as in classical statistics. So, the results of quantum statistics should be simil. Eliihed
classical or MB statistics. This can be shown as follows : g2

FD distribution formula is :
— My
n,du=——>——du
% MRT | | 16
BE distribution formula is :
£ 8gu
my du =T :
e e -1 (i)
MB distribution formula is :
4 a8
b £% /KT du 38
: (177
For low occupation index :
L <<l
Eu

For the above expression to be true, in FD statistics :
(* kT4 )55 1

For the same reason, in BE statistics -
(® T _)sng

Neglecting + 1 or -1 in the
h L
and (i) reduce to : e

n, du =% kT
which is also the denominator of (iii).

Thus, we find that for ]
it OW occupation index, FD
quantum statistics reduce to classical statistics % ¥ and BE statistics reduce to MB statistics, or the

Example 4.6. Show thar

of abo i
Ve expressions, we find that the denominators of both (i)

Jor energy u > 4 7;
) the
oa quantum as well as classical statistics yield same
greatextent foru < < T... &

results, but they are different from each other

P0S EINSTEIN Ths

divided into very large number of cells such t:‘:
t

Solution. The distribution laws for e

LI

nergy

For classical (MB) statistics -
n, du=—8u__
 du o urT
- (G
For quantum statistics :
nydu=—8u__ .
% QKT 31 9

(+ 1 for FD statistics and - 1 for BE statistics)

When u > > kT, we KT
reduces to find that ¢“*T s very large. Therefore, e* ¢“¥T> > 1. Hence equation (ii)

i = g—"
: "" du T FT du :
. which is the same as that for classical statistics.
For u < 0 we find that ¢¥* T is vey small.
Therefore e® ek T< < 1.

And (¢* ¢“¥T _ 1) is smaller than (¢/ ¥T + 1). Therefore, occupation index n, is higher for BE

statistics than that for FD statistics. Because of different values of occupation index, the three statistics

give different results. :

4.17. COMPARISON BETWEEN MB, BE AND FD STATISTICS

The three types of statistics can be compared in terms of different characteristics as follows :

1. Nature of particles.

The particles obeying MB statistics may be identical yet they are considered as distinguishable.
However, the particles obeying BE or FD statistics are considered indistinguishable.

2. Size of the phase space cell.

In'MB statistics, the available volume of the phase space cell can have

approach to zero.
In BE and FD statistics, the available volume of the phase space cell ¢

" his Planck’s constant. :
3. Number of phase space cells.
In MB statistics, the phase can be divided into as
In BE and FD statistics, the number of cells into which
 as the available volume of each cell cannot be less than k3.

4. Number of particles in a cell.
* In MB and BE statistics, any number of particles can occupy 2 phase space

no phase space cell can contain more than one particle.
5. Macro and microstates of the system
For the systems obeying MB statistics,
For the system obeying BE and FD statistics, each

any value and can even

annot be less that A3, where

Jarge number of cells as we desire.
the phase space can be divided is limited,

cell. But in FD statistics,

a macrostate can have more than one microstates.

macrostate has one micros
than that in FD statistics.

tate. The total number

v, of macrostates in BE statistics is generally more
&
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6. Radiation laws. :
MB statistics can lead to Rayleigh Jean's Jaw. It g1
theory but does not lead to the Planck’s law.
BE statistics lads to Planck’s law. The Rayleigh Jea
the Planck’s law. 3
FD statistics fails to give the Planck’s law and hence cannot be used to obtain the Rayleigh Jean’s
law or the Wein's law.

ves the Weins 1aw as well with the help of Quantyg,

n’s law and Wein's law are the special cases of

7. Energy distribution.
The energy distribution laws for the three types of statistics are as follows :

St Suat |
MB statistics : my du= S0 QU/KT g
8u
" M i
BE statistics : n, du=—o— T 1 b
(7 =
8u
FD statistics : =T o

my du= o0 QKT

8. Quaniisation of energy.

MB statistics does not assume the quantisation of energy whereas BE and FD statistics are based
on the assumption of quantisation of energy.

9. Occupation index

The occupation index (n/g;) depends upon the value of the mean energy (u; ) of the state.
For values of energy much larger than AT, e* T << 1.

1

H n
ence for —=—— all the three statistics.
g € 7T

For vah_xes c_)f energy much smaller than & T, e% ¢“/ ¥ T cannot be neglected as compared to 1. So,
the occupation index for the three statistics differs from one another.
In general.

For u; > KT, the occupation index n;/ g;<<1 for all the three statistics gives the same results.

Foru,.<<k1,wehave:
[gi}35>[gi] 8 gi
i i MB i FD

So, the results of the three statistics differ from one another.

4.18. RELATIVE OCCUPANCY OF THE ENERGY LEVELS

Let the occupation index of the ith energy level be denoted by £, Then
i 2

L]

f’- LS
&i

CHANICS (B.c. Il SEMAV, & i - 131
NI v“}! Now for #; > > kT, we have seen in section 4.11 that the f;
: i

gOSE-EINSTEIN AND FERMI-DIRAC STATISTICS

jstributi v =nJg;< <1 for all three statistics. Also,
e distribution law for all the three statistics reduces to that for (hi MB statistics. That is
n; 1
f,. ===
Gl 2tk
i _ w—wpiet
£

This gives the relative occupancy of the ith energy levels.

4.19. FERMI-DIRAC GAS
A -

An assembly of indistinguishable elementary particles having half integral spin (i.e. fermions)
is regulated as Fermi-Dirac gas. Let us consider a perfect Fermi-Dirac gas consisting of n fermions
distributed among quantum states such that there are ny, ny, . My cooveeee number of particles in
quantum states whose approximate constant energies are Uy, Uy, -y Ui wcoes respectively.

For a perfect Fermi-Dirac gas, the most probable distribution is given by

S
ea eﬂ

) .(4.19.1)
Uu.
e
where g; is the number of phase space cell in the ith compartment and is a measure of
degeneracy.
For convenience, let e* = A
So eq. (4.19.1) becomes

B e
! .1_ eﬂ“i +1
1
Since B = kT
e 8i ...(4.19.2)

i Ol
) PSS .
Since in the denominator of Eq. (4.19.2), we have factor +1, so & can have positive or negative

alue. . . i
! Seince phase space cells according to the momentum interval p and p + dp is given by

2
gydp = 471? dp
< i-Di h, = h (Planck’s
where h is the size of the phase space cell. In case of Fermi-Dirac gas fio =
constant)
i]Illiz—d (4.19.3)
gpdp = & = p,

isi i the fermions).
where g (= 2s + 1) is the spin degeneracy factor (arising due 10 spin s of the
s =
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132 § J
ODERN'S And total energy of the system is given by

From Eg. (4.19.3) for most probable distribu
range p and p + dp is given by
5% Using Eq. (4.19 2r Juy
ndp =—— & - (4.19.9) sing Eq. (4.19.6), we get
—1 AT 41
S E = fkadn(u)
Sinie i i ot el by Using Eq. (4.19.5)
7’ Y 2 = 24
g E. = & o 32 = | ——
: om sh3(27lka) KL \/EOA_‘ex+l
p- =2mu
or 2pdp =2mdu @ 3/2
3V 4 x> “dx
= 2 Qm 3/2 e -
mdu m = i '2h3( D {A"e‘H
or dp =___='—_dll= (_"l)zdu y
So Eg. (4.19.4) becomes W @ E =g 3 @umkT)*2 KT F, (@), ..(4.19.10)
1/2 ® 32
L dx
P (2mu) (E) du where F, (@) = ET _X—-—lx—_ (41911)
’l”duzg:—g———u‘— ﬂoA e &1
h A-LAT 41 ‘ Now we shall evaluate the integrals F,(a) and F,(@) for both positive and negative value of .
€ . When « is positive, A < 1 and the condition so obtained is called slight or weak degeneracy-
12 172 When a is negative, A > 1 and the condition is called strong degeneracy.
or ngdu =g 4amV 2m)'“u'“ du
S e T .(4.19.5) (i) Case of weak degeneracy ¢
Let u : At intermediate temperature when « is positive (i.e. at T< Tp) and A < 1, and the integral
X =- . - b
T -(4.196) Ej@yisiees b oA
i dx
a=g @ e e
kT Jz Al 41 Nm QAT (HAST)
4amV (2m)"'% (kTx)"'2 kT .
nAu =g, 3 2 e i |
s h A+ . e ”J;Ax X (L+Ae™)  dx
or v 2 A2 - 0
el 5. A e m‘myz oL = — =
“. Total number # 55 s “Jz AT+ ..(4.19.7) = —Z{A [#2eFa-Ae x 4 A2 e = 2
+ Total number of particles is gi ' Tilaio
given by ; —
: | 2| Fan - 2 f o2 2 To)
"=fﬂydll=g,l(2” | 2 112 gy =———A_[x e Fde— A Ix e T dxt . I
W mKT) Prabd w| o 0 (@)
7 (AT eF +1) N
S/ 2 =EA3 =
n = g‘_J(zﬂmkl)m Fl(a) = _2_ _1_[_ —_A—’jﬁ-‘-—'j—/i_ ...-‘} m
b (4.19.8) AT s el >
1/2 ©
X dx 22l Ad S
TR b B A S
(=
@®
e
=
=
£
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Similarly AL
2 or A = Ll
" it
o g 4 V[, L 8 QamkTy? V
FR@ =—7—) " " 3z| ¢ 2
2 3 /.7! 0 A e +1 n
v Thus at low temperature and at high densities (V'), the gas will be highly degenerate. Let us
A
or F,(@ =A- 2—5,2-'*’—35,2 SR discuss this case of strong degeneracy at absolute zero i.e. at T = 0 K.

Putting the value of F, (@) in equation (4.19.8) and Fy(a) in equation (4.19.10), we get

A3

2
\4 G| A (A
n =gs;3—(Zﬂka) [A PN

A’
and E :gsﬂ @rmkT)*2 . kT A"ﬁ"'am_
IE
2
E T3 AR A AN
; =5kT[A—257+;5—17— ....... J [A 23/2+
3nkT R aAL - A
or = 2 A[I—z—S/—Z‘-FE'— ..... J A —23T+——
3nkT AR AREA
or E="—|l-—s4—s—.. 14— ——+
2 [ 2572 " 3572 J[ 2312~ 3312
_3mrf A A2 A A
2 25/2 " 35027 5372 T g3 T
2
E = 3nkT +i_ A
2 2573 55 He
3

If A<< 1, then E =5nkT

From Eq. (4.19.14) and (4.19.15),
behaviour and this is called degeneracy.
value of A, more marked will be the
slightly degenerate.

(ii) Case of strong degeneracy

When the value of ¢ is Jar. i
ge and negative, ¢
A and hence the degeneracy will become moreep

So Eq. (4.19.12) can be written g5 rominent.

n = ¥
=g h7(2nml(r)3/2 A
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or ndu =g

J --(4.19.13)

we find that ideal Fermi gas deviates from perfect gas
. Since degeneracy is a function of A or &%, so larger the
degeneracy. Thus for A < 1 or T > T, the Fermi gas is

>>1orA>> 1. This increases the value of

ndu =g

u

Fier AT S KR

AmV (2m)”2 u?du
s

8 [T L |

Since number of fermions in Fermi-Dirac gas having energy u and u + du is given by

4amV @m)''? w2 du (See Eq. 4.19.5)

Since B Sk (See Eq. 4.192)

kT
4amv @m)!/2 M2 4
n e("_"f)”‘T+l

ndu =g

AtT =0, for u < ug, we get Al +l=e®+1=1

4wmV
h3 [ (2m)lf2 ul2dy

. Total num er of particles in the system are given by

So ndu = 8

i AgmN 2 an
s J',,u du = g ——ha—-(Zm)ll J'u du
0

0
4y
AgmN om)/2 w’?
= Bsyema\dle a\ 675

Jum 1/2
or n =g T(z'”) 312
4wmV W 2 =b
or &s h3 (2m) =—2-nuf

Putting Eq. (4.19.17) in Eq. (4.19.16), we get
Bae=ainnii2
ndu = Enuf u'“du
. Total energy of the system,

Up
i 3 a2 324
B = _!;unudu=-2-'l“f {“

_____—

(4.19.16)

(4.19.17)
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3
3 2 --(4.19.1
E' = Enuf 5 17 2 o .8)
Thus we find that a strongly degenerate Fermi-Dirac gas possesses energy even at 0 K jp

contrast to Bose-Einstein and Classical gases where the energy 1S Zero.
4.20. ELECTRON GAS IN METALS

y i , that the metal crystals consist of positive ion cores with
r.heif't ::;::;gs::rdog Z;l]s::)mgoznl:soclonducﬁou electrons since -ﬂ?ese arc:a;'e_sponmble for the
conduction of electricity in metals) free to move among these positive metal 10ns (cores). The
coulomb’s force of attraction between these positive ions and negauvely charged elec{rons do not
allow these free electrons to leave the metal surface. The potential field due to these ion cores is
supposed to be uniform and hence potential energy of electrons may be taken as constant, which
is taken to be zero for convenience. Hence we have to deal only with the kinetic energy of the
electrons. The mutual repulsion between the electrons is neglecte'd.
It has been suggested that the free electrons in the metal behave like those of atoms or mglecules
in a perfect gas. Hence, these electrons are sometimes known as free electron gas or fermi gas or
Jree electron cloud. : :
However this fermi gas differs from ordinary gas in the following ways :
(i) Fermi gas is constituted by electrons which are charged particles while the atoms or
molecules which constitute ordinary gas are neutral.
(i) The concentration of electrons in fermi gas is large 10%° per m® as compared with
concentration of atoms or molecules of ordinary gas (102 per m3).

Classical theory explains certain properties of metals like electrical and thermal conductivity,
thermionic emission, thermoelectricity, Photoelectric effect etc; but could not explain the specific
heat of metals.

Sommerfield in 1928, suggested that electron gas should be treated quantum mechanically in
the light of Pauli’s exclusion principle which states that no two particles can have all the quantum

numbers identical. According to him, the electrons in the metal are not bound but can not leave the

metal and work has to be done to extract an electron from the metal. He used Fermi-Dirac statistics
rather than Maxwell-Boltzmann statistics and succeeded in explaining many experimental facts.
The upper most filled energy

D 1 level at absolute zero is known an Fermi level and energy value
corresponding to this level is known as fermi energy ug .
From Egq. (4.13.3), we have

h2 3n 2/3
Uy = —|——
7" om (8:!V)

And mean energy of the electrons at 0 K is given by

w

¥, = guf

Let us define a temperature T, called Fermi-temperatyre by

Tp=u—f=-££ A
k  2mk|(8zv

<OSE-EINSTEIN AND FERMIDIRAC STATISTICS

L W 3,3
* 2m5/3k[§] ' s a3y

n

where p = (v) kgm=3 is the density of the gas. For conduction electrons in metals
p = 0.1 kgm®
For electron, m = 9-1 x 103! kg, k = 1:38 x 102 J/deg
h = 6.6 x 10734 Js, we get
Ty = 10°K

Thus electron gas below 10°K temperature is degenerate.
Since total number of particles is given by

[

1/2
v a2 ¢ xldx (4202)
n =g — QumkT)’* . — [———
ek J:?'([A"e’ﬂ
3/2
- __A_n W2
AtT >0, A > * 7T v\ 27mkT
1
So —— 1
A le" +1

So Eq. (4.20.2) becomes (g = 2)

4V QumkT)>? ]ixm s
SN A

Since at T = 0, A = o, So, let us replace upper limit of above integration by A.

uv. (2:zka)3'2 j‘- RS
0

N )
4V @amkD)** 2 312
=g R
¥ h?. 3n \)2/3.
¥ As m(?ﬂv
h2 3p\)2l3
= o kT \8n
0.1 213
(6.6 x107>4? ( 3x .42)
T 2xO 1x10‘3‘)5’3x1.32x10'23xT 8x3.1
4.56x10° .(4203)
s ———

i egenerate.
Thus at low temperature the electron gas is strongly deg

HariMohan May 3, 2025, 17:56



B.Sc. Il SEM—IV, GJ.
138 MODERN'S STATISTICAL MECHANICS  ( G.J. UNL)

4.21. SPECIFIC HEAT OF METALS

ber of degrees of freedom. Since degrees of

Specific heat is really a measure of the num iy, e problem is to know how many

freedom imply freedom to absorb potential or kineti
modes are there for the system to absorb the energy- Gy
Joule expressed the equivalence between mechanical work and heat energy. This Is true only
if the whole of work done is used in producing heat or vice-versa. .But in .actual practice when a
certain amount of heat is given to a system, it is used in parts, in increasing (h? lﬂte.mal energy
of the system by raising its temperature and the remaining heat energy 18 used in domg.e.xtemal
work depending upon the conditions under which the heating takes place. Onc; the conditions on
heating process are specified, the amount of work done is fixed and the quantity of heat required
for a desired change in temperature can be well defined. )
The specific heat of a substance is defined as the heat energy absorbed by one unit mass of the
substance to raise its temperature by one degree. While measuring the specific heat either volume
or pressure is kept constant. But in case of solids we usually speak of the specific heat at constant

volume and it is given as
aT v

Partial derivative is taken since E may be function of other quantities, subscript V shows that
volume is kept constant.

Whenever energy is added to a solid, the increase in its energy occurs in two ways, firstly the
energy is used to vibrate the atoms and secondly the free electrons in metals may be excited to
higher energy levels.

~(421.1)

Re C, (metals) =C, (atomic) + C, (electronic)

On increasing the temperature, the atoms of the metal start vibrating about their mean position
and the restoring force is proportional to displacement as long as the amplitude of vibration is
small. Thus the vibrations of the atoms are simple harmonic in nature. The total vibrational
energy of N independent harmonic oscillators in three dimensional for a gram molecule of a
substance will be

E,omic = 3NAT

atomi
(From law of equipartition of energy, the average energy associated with the motion of atom

A ; 1
along one coordinate is 2 x 2 kT = kT and in three coordinate axes, the total average energy of
each atom is 3kT.)
. Molar specific heat at constant volume due to atomic contribution will be given by

. ) el d
C, (atomic) = [—2ome [ _ |~ = 3Nk =
y ( ) [ T ] [8T (BNKT ):l 3Nk = 3R
ie. C, (atomic) = 3R ..(4.21.2)

Since the electrons inside the metals are assumed to be free, so they possess no potential
energy and only. kinetic energy, so the average energy due to the motion of electrons is given by

B.= 3.% k= %kT
If there is one free electron per atom in the metal, then

3
Eclectronic = ENI‘T

’ ‘rjf‘}‘, ;

BOSE-EINSTEIN AND FERMI-DIRAC STATISTICS

C, (electronic) = {M 32
aT 2

: 3
or C, (electronic) = —
Y ) 2 R .(4213)

*. specific heat of metals at constant volume will be
9

3
Com R AR Shsk -(4214)

But experimentally it is found that ¢

(i) At room temperature heat capacity is
independent of temperature and is approximately &
equal to 3R = 24.9 J mol'K™! = 5.96 cal deg™!
mol-!, upto melting point of solids where R is
universal gas constant. This is the well known
law of Dulong and Petit. This is shown in
Fig (4.21.1). ’

(ii) At low temperature C, begins to fall and T

&

tends to zero as T > 0.

(iii) Heat capacity follows T3 law near T =0
ie. C, = (constant)T3 in case of insulators and
C, = (constant) T in case of metals.

MELTING—>
POINT

This anomaly of specific heat of solids was o = =
solved by Fermi-Dirac statistics to a large extent. 2
At low temperature, according to Fermi-Dirac
statistics, the specific heat at constant volume due Fig. 4211
to electronic contribution is given by
22,
C, (electronic) = — N 1
2 u f
=/ ..(421.5)
2
(where l=}-Nk & \
2 f

or C, (electronic) o« T.

Thus we find that the electronic contribution to specific heat of metal at low temperature is
directly proportional to absolute temperature and reduces to zero at T = 0, which is in agreement
with the experimental observation. The electronic contribution to specific heat is about 1% of
specific heat of atoms at room temperature, hence we consider the specific heat contributed by
atoms only. ;

Tn 1912, Peter Debye calculated the specific heat of solids and its expression for metals at low

temperature is given by

C, =pT3 +AT (421.6)
v 7 . . 0

i i i i deration.
i mic consideration and second term is due to electronic consi

where first term is due to atomic b v

i i d el
At low temperature, the atomic specific heat becomes small an . h e
relatively high. At very low temperature (from 15 K to 3 K), the Sp‘ele'-lC heat gaél:ss Saoc;c‘:,(;rd thi
to Eq. 4.21.5 and above 3 K, the T3 term predominates. Thus Fermi-Dirac statis

problem of specific heat of metals. »
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Example 4.7. Calculate the fermi energy of the electrons Z.’;,;";:Z: Zf: [;":5’36 : ejlf)}—lé‘t 4
density p and each atom of which gives out P’ free electron’: 2 : 103 gey
mass of electron = 9-1 x 10~3! kg. Avogadro’s number is 6°0: :

Solution.

Number of atoms per mole = 602 x 107
Each atoms gives out free electrons = 3
. Number of free electrons per mole =n =px602X 10
Mass of one mole of metal =W
w
Volume of one mole of metal =V= ";

23
= px6-02x10% _ p pX6:02X107 -

=2
N w w
P
5 2 2
Now uzh_i:‘l:’
7~ 2m\8x) \V

2 2
p _{zi(i)i ppx6-02x10% 3
“(2m)\87 w
. 2\ 2
6-63x10719)> (3 )3 [6:02X107 |3 (p p)3
uf | [ [ e ==
2x9-1x1072kg \87 1 w

(5]

= (2415 x 107%7) (0-2424) (7-1296 X 1015) (B_P)3
w

up = 41736 x 102 (!1)3 Pskg!
w

Remarks : Here p is to be substituted in kg m™ and w in kg. So, ufwill come out in :
2

P! (——“gm—s);
kg
2
=J [kgInZS—ZSZ kg—I] (m—3 )73
=J[m? (m?) =1J.

§ amlix;:lup;j 4;; Iilelyou;’r:za‘; i;)r energy u > kT, the quantum as well as classical statistics yield
Solnﬁon.’, lerent from each other to a great extent for u < < k T.
The distribution laws for energy are as fi :
e ctautical (MB) atoris /- g

& 1

n, du = —8u L e
’ du : D

- BOSE-EINSTEIN AND FERMI-DIRAC STATISTICS
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For quantum statistics :

+ 1 for FD statistics and —1 for BE statistics.
When u > > kT we find that ¢“*T is very large. Therefore ¢* €T > > 1. Hence equation (I)
reduces to

8
n,du = e_;e“ /KT dy.

which is the same as that for classical statistics.
For u < 0 we find that KT is very small.

Therefore &% e/T < < 1.
And (e e¥¥T _ 1) is smaller than (¢¥¥T 4. 1), Therefore, occupation index m, is higher for BE

statistics than that for FD statistics. Because of different values of occupation index, the three
statistics give different results.

Q. 4.01. What do the various distribution laws of speeds represent ?
(a) Distribution of most probable speeds
(b) Distribution of speeds in the most probable state
(c) Distribution of the average speeds
(d) None of the above.
Q. 4.02. The velocity distribution among which of the following particles can be explained by the
Bose Einstein statistics ?

(a) Photons (b) Electrons
(¢) Protons (d) None of the above.
Q. 4.03. The minimum volume of an arbitrary cell in quantum mechanics is :
@ 1 ® K
(c) less than b3 (d) more than h3.
Q. 4.04. In which statistics, the occupation index can tend to zero gk
(a) Maxwell Boltzmann statistics (b) Fermi Dirac statistics
(c) Bose Einstein statistics (d) None of the statistics.

Q. 4.05. Which of the following is the most appropriate requirement for considering the identical

particles as distinguishable ?

(a) The occupation index should be about 1.

(b) The number of cells in any compartment should be very much larger than the number
of particles in it.
(¢) The available volume of the cell should be comparable with 1.
(d) The system should be in the state of equilibrium. *

Q. 4.06. In which of the following, no phase space cell can contain more
(a) MB statistics (b) BE statistics
(c) FD statistics (d) None of these.

than one particle :

s s B ey, 101
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Q. 4.07. The occupation index should be less than 1 both It ‘h:nd BE statistics
(a) MB and FD statistics () MB
(c) BE and FD statistics. -y o
Q. 4.08. Which of the following is not the characteristic of a Y’ :
zero ? :
(a) The occupation index upto fe . > etely
(b) All the energy levels below the fermi energ ] are comp! s
(c) All the fermions are in the fermi energy level. '
(d) Maximum number of fermions are in the fermi energ
Q. 4.09. What limits the size of the phase space cell ? Select th

following : (b) Principle of uncertainty

f fermions at absolute

mi energy level is
y leve

lled.

y level.
e most appropriate answer out of

k’s constant .
((:)) l:‘:nnl;bcr of particles (d) Spinof the Pamdes'ce i 9
Q. 4.10. What restricts the number of the particles that can f>cgupy a phase spa
(a) Planck’s constant (b) Principle of uncertainty
(c) Pauli's exclusion principle (d) None of the abo.ve.. =y W
Q. 4.11. The number of the meaningful ways in which 4 fermions can be distributed 1 p
@ 1 ® 4
( . :
Q. 4.12. '([L'Ze rsnumber of the meaningful ways in which 5 bosons can be distributed in 4 cells is :
b) 9
EZ)) 210 Ed; None of (ht't above. e
Q.413. In which one of the following cases MB, BE and FD statistics lead (o similar results 7
@ n>>g; b) n=8
() m<<g; (d) None of‘the above.
Q. 4.14. The average energy of an electron in Fermi gas at 0Kis:
(@ 03 E; (b) 04 E;
(© 05 E; (d) 0:6 Ep ‘
Q. 4.15. Which of the following is a Boson ?
(a) electrons (b) protons
(c) neutrons (d) alpha particles.
Q. 4.16. Black body radiation consists of !
(a) protons (b) photons
(c) electrons (d) alpha particles.

FANSWERS]

4.02. (a) 4.03. (b) 404 (@) 405 (b) 406 (©)

4.01. (b
41 (¢ 412 @

4.07. (@ 4.08. (0)  4.09. () 410. (o)
4.13. (o) 4.14. (d) 4.15. (@) 4.16. (b

following :

1. Volume of the elementary cell in phase | 1. Volume of the elementary cells in phase space

2. Number of cells in phase space can be as
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7 SHORT ANSWER QUESTIONS ]

Q. 1. Distinguish between classical and quantum statistics.
or

What is the difference between classical and quantum statistics ?
Or

How does clas_»sical statistics differ from a quantum statistics ?
Ans. The main points of differences between the classical and quantum statistics are the

Classical statistics \ Quantum statistics x

cannot be less than k3, where h is Planck’s
constant.
2. The number of cells in phase space is limited
large as we please. by the minimum volume possible for the cell.

3. The size or volume of phase space cellcan | 3. Thesize or volume of phase space cell cannot
approach zero. approach zero.

4. The particles of the system are considered | 4. The particles of the system are considered
distinguishable. indistinguishable.

5. Any number of particles can occupy the | 5. In one type of quantum statistics (BE) any
phase space cell. number of particles can occupy the phase

space cell but in the other type (FD) there

cannot be more than one particle in a cell.

6. It is also known as Maxwell Boltzmann | 6. Itis of two kinds depending upon the nature

of particles. The two kinds are termed as Bose

FEinstein statistics and Fermi Dirac statistics.

space can be as small as we please.

statistics.

Q. 2. Distinguish between BE statistics and FD statistics.
Or

What are the main points of difference between BE statistics and FD statistics ?

Ans. Distinction between FD statistics and BE statistics. The main points of difference between
BE statistics and the FD statistics are the following :
BE statistics [ D statisties |

1. Any number of particles can occupy aphase | 1. The number of particles in one phase space cell
space cell. cannot be more than 1.

2. The particles are termed as bosons. 2. The particles are termed as fermions.

3. It applies to particles with integral spins. |3. It applies to particles with half integral spin.

4. Particles like photons, mesons, (H! and |4. Particles like electrons, protons, neutrons and

e* atoms can be studied with it JHe? can be studied with it

5. Ttapplies to particles other than those which | 5. It applies to those particles which obey Pauli’s

obey Pauli’s exclusion principle. exclusion principle.
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Q. 3. Can quantum statistics be used to explain the behaviou
A istic mall values of occupation
meAg::. l;’]eos e:lnsq'cal statistics is a special case of quantum smusuus{fiirs:/izl;)’ csan T e
index Thus. assz;mino the occupation index as small, quantum St
haviour of gas molecules. T 1 and wwhy ?
: s Whiih B e T mdexfnt‘:er;ose Einstein statistics. It is
jon index 1, only in the case O s il
Ans. The occupation index can be more than anBuieh the particles, the
not so in case of ul:e Maxwell Boltzmann statistics, beca[\}llse ﬁ;e:bol:;:rﬁcles.g;‘n ot e e
{ ared to the n
number of cells must be very, very large as comp
statistics the occupation index should tend to zero.
case FD statistics, the particles obey the S e o
occump'ed b)o;':ree than one particle. So, the number of cells must be alleastleeszut;lan :
i ] . So, ! )
particles or more. That is, the occupation index should be either equal to or

isti d not f
Q. 5. Show that the occupation index can be more than 1 only for the BE statistics an ‘or
the FD statistics. i
Ans. For BE statistics, the occupation index is given by

Pauli’s exclusion principle, and no cell can be

L3 (m +8 =D

& mle-D! .
Apparently, from the right hand side we find that no anomalous situation is created if n; > g;
So, n; /g; can be equal to or more than 1.

For FD statistics, we find

n 8i
g ml(g—D!
Here if n- > g.. then occupation index becomes negative, which is meaningless.
1 ™
However, n; can be equal to g;. Hence, n; /g; cannot be more than 1.
Q. 6. Name three types of stafistics.
Ans. Three statistics :
(i) Maxwell-Boltzmann statistics or M-B statistics
(ii) Bose-Einstein statistics or B-E statistics
(iti) Fermi-Dirac statistics or F-D statistics.
Q. 7. What do you understand by Fermi energy level of a metal ?
Or
What is Fermi energy ? Give its value.
Ans. Fermi Energy.
Fermi energy is the energy of the level below which all the states are completely filled and

above which all the states are empty at 0 K. i.e. Fermi-energy is the energy of the uppermost filled level
at OK.

Fermi energy is given by

W[ 3n V22
. E(sn_v)
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Q. 8. What is the value of occupation index of fermions at 0 K for u > u, and u < u, where
denotes the fermi energy ? : ; =
Ans. For u > up the occupation index is 0 and for u < upits value is 1.
Q. 9. What is the energy of the electrons in metals at 0 K ?
Ans. At 0 K, the electron inside the metal have energy equal to or less than he fermi energy (u,).
Q. 10. Do electrons come to rest inside the metals at 0 K 2 Explain. 4

Or
Do electrons have zero energy at 0 K ? If not, explain why ?

Ans. No. At 0 K, the energy of electrons is not zero. Hence they are not at rest. At 0 K, the average
speed of electrons is about 75% of the speed corresponding to the fermi energy level. Because

3
E = gl‘lEf

Q. 11. What is the energy of a particle at 0 K ? What happens in case of fermions ?

Ans. According to the MB statistics, the energy of a particle at 0 K is zero. However, in case of
fermions, which obey FD statistics, the particles possess energy upto the fermi level.

Q. 12. What are fermions and bosons ?

Or

What are fermions ? Give examples.

Ans. Fermions

Fermions have following characteristics :

(?) The energy spectrum of fermions can be explained on the basis of FD statistics.

(it) They obey Pauli’s exclusion principle.

(iii) They have half integral spin.

(iv) Electrons, positrons, neutrons, protons, atoms like 2He3 are the examples of fermions.

Bosons

Characteristics of bosons :

(?) The energy spectrum of bosons can be explained on the basis of BE statistics.

(i) They do not obey Pauli’s exclusion principle.

(iif) They have integral spin or zero spin. .

(iv) Photons (spin 1), K and 7 mesons (spin 0), atom like 2He4 (total spin of e, p & n is integral),
phonons (spin 1) are the examples of bosons.

Q. 13. Discuss the limitations of MB statistics.

Or

What is the need for quantum statistics 2

Ans. MB statistics provides a satisfactory explanation of distribution of energy (and velocity) of
ideal gas molecules. There are other systems like photons in a constant temperature enclvosure @d
conduction electrons in a metal. They also have continuous random movements and mutual interaction
between them can be disregarded as is the case with gas molecules. That is why, they are often termed
as “photon gas” and “electron gas.” However, their energy spectrum c.annot be explained by the MB
statistics. It is found that electron gas and photon gas systems were dommatefi by sqme other constraints
like indistinguishability of particles, unertainty principle and Pauli’s exclusion principle. To “‘:::ﬁ‘::cns‘
into account, Bose, Einstein, Fermi and Dirac developed statistics, commonly known as q“m;::;\me .
As the name implies, the energy states in the photon gas and electron gas systems are
discrete or quantised.
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es the quantum statistics should gy,

s rticl
Q. 14. Explain why under low concentration obps

2 o istics 7
the same result as the classical statis o i e t of quantum smﬁstigs

Explain why for systems consisting o:i sm:“ mumber of
i ical with classical statistics - Tl e
Shor:s.bli ::::i]: statistics, the particles are considered ‘{:“,’1“;5;::2’ very large number of cells sucp,
space cell can be as small as we like. So, the space can bem articles can be numbered in ten.:ns of the
that each cell contains one particle or none. In this way, the pmer In quantum statistics, the size of the
number of the cells and they can be distinguished from e ‘ace cells is limited and each cell may
cell cannot be Jess than plar;Ck's constant. So, the numl:;?;i :;sth +d from each other in terms of the
contain more than one particles. Therefore, they canno!
cells. 3 se § i
nuul-‘;:;o;?eab:?e discussion we find that in classical statistics, Fhe nflsn:::;rv‘;f;:l:rge, l:t::z ::’g; ::
more than the number of particles. However, if the number of particles lmicles. S ifar sase A
quanmum statistics the number of the cells can be large than I:hat of the p ol St ST
can be distinguished in the same way as in classical statisticS- So, the res S
should be similar to that of classical statistics.
Q. 15. Give the basic assumptions or postulates 0!
Ans. The basic assumptions of BE statistics are given below :
(i) The particles of the system are indistinguishable.
(i) Available volume of the phase space cell cannot be les;‘th
4if) Any number of particles can occupy a phase space cet. :
:). )16. Does the Ferl:ni energy depens upon the size or volume of conductor ? Explain. :
Ans. No, because the Fermi energy is function of electron density i.e. number of electrons per unit
volume of the conductor and is independent of size or volume of conductor.
Q. 17. Explain the role of Pauli exclusion princip!
whenm; << g; ? T i 73
Ans. When n, << g,, the Pauli‘s exclusion principle does not play any sngmﬁcan_l role in deciding
the behaviour of the fermions, because the chances of two or more particles occupying the same cell
simultaneously are almost negligible. '
Q. lS.Howdomﬂeeelectrongasdiﬂ'erﬁ'omanordinarygaS?
Ans. The main point of differences between electron gas and an ordinary gas.

I S. No. J Ordinary gas
1. . Molecules of an ordinary' gas are neutral.

because the size of the phase

f Bose Einstein statistics.

an 43, where A is Planck’s constant.

Electron gas

Electron gas is charged.

It obeys F-D statistics.
Free electrons are indistinguishable.

Number density of free electrons in a
free gas is = 10 electrons m™.

2. It obeys M-B statistics.
. Molecules of a gas are distinguishable.

. Number density of ordinary gas is
= 10% molecules m™,

Q. 19. Under what conditions do M-B, B-E and F-D staistics yield classical, statistics ?
Ans. The values of occuptation index given by three statistics are as follows :

le in deciding the behaviour of fermions

BOSE-EINSTEIN AND FERMI-DIRAC STATISTICS
For M-B statistics
Iy

For B-E statistics .
Tiighers ke oot Ul uub
8 = ea+u,/l(l‘_1
For F-D statistics
Wt 1
g = ea+u,/l(1'+l

n

If g_' << 1, then ,#+4/T 5~ ] and the above three equations are equal and
1

i)

1
A “a+ukr for all statistics.
i e

n:
Thus we find that for g_‘ << 1, all statistics give same result. Hence we can say that classical
13

statistics is limiting case of quantum statistics.

QUESTIONS |

1. What is the need for quantum mechanics ?

2. State and explain clearly the basic difference between classical and quantum statistics.

3. Describe the salient differences in M-B, B-E and F-D statistics.

4. Explain the need for quantum statistics and compare Maxwell-Boltzmann, Bose-Einstein and
Fermi-Dirac statistics. L

5. State the basis assumption of Bose-Einstein (B—E) statistics and derive the B—E distribution law.

6. Write basic assumption of Bose-Einstein quantum statistics and then derive the expression

L ol
1
& MIKT

7. Discuss the basic assumptions of M-B, B-E and F-D statistics. Explain with the help of suitable
example, the effect of assumptions on the distribution of particles among phase space cells.
8. What is Bose-Einstein statistics ? What are its assumptions ? Derive the Bose-Einstein
Distribution law.
9. What are different kinds of statistics ? Discuss them.
10. Compare M-B, B-E and F-D statistics on the basis of their assumptions and distribution law.
11. Using F-D statistics, derive the expression :

L 8!

n=——
% euilkT +1

for the most probable distribution of Fermi particles.
12. Apply F-D statistics to free electrons inside a conductor and deduce the expression

d _SH\E aV m'? ' du
i 2 WIkT Ly

eae
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/ . Ms‘i ) Acoh of free electron inside 3 Cu:%
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126 B derive the €0 &
13. Apply F-D distribution law t = jon for it- jation
e 14. What is Fermi energy ? Derive mes Jete 1aW = md:ja s berive an expressj
T 15. Explain that Planck’s law is 2 mm’:;:;osmmes L md?;:: N for 1y
16. ‘What are Fermions ? Write d0W U0 g by FD S ctrons in co
- probability distribution of particles g"‘_:;ing I.hi pehaviour of f";"e ele “d“CtOQ_
. - . - - . 1 ns V4
17. (a) Using F-D distribution law, 10 conductor electrO - B i
. (%) What do you mean by Fermt el;::);;);wns in a conducton discuss the behaviour ¢ e
18. Using the energy distribution for :
it BN R bability distribution of fermions-

19. Derive an expression for the prodd! iah
20. From B-E statistical thermodynamics, ShOW
8= he 1
EQ) = 25 T 1
21. Show that the Fermi-Dirac distribution law for

; 2(E)dE
N(E)dE = LTI 1

continuous energies 18

Use this Jaw 1o show that @= B/ hero the symbols have their usual meanings.
g . ’

22. Apply F-D distribution law and show that
2/3
4 K[ 3n
7 "om| 8z V

electrons ha zeroencrgyatOK?Wh)’? 2
i “Df.;m are the w;:u'zints which are obeyed by a photon gas at 2 given temperature ?

= /2 ‘
25 Usingthe = [ bl = _;_ ini f3/ 2 du} for electron gas. Prove that at absolute

zero, the average energy of electron is u =§ ug, where ufis the Fermi energy.

3 ; :
26. Show that the average energy of electron at 0 K is given by 5 ufg, where U js fermi energy. |

27. Discuss the conditions under which quantum statistics merges with classical statistics. i
28. What is electron gas ? Starting from F — D distribution law, derive the expression for energy “
distribution of free electrons in metal.

I, NUMERICAL PROBLEN

1. Copper gives out one free electron per atom. The density of copper is 8:94 g cm3 and mass of
one mole of copper is 00635 kg. Calculate the fermi energy of copper in electron volt.
Hint. p=894 g e =8940 kgm =3, p=1,A=00635 kg mol"!, e V=16 x 10771~
[Ans. 7:05 eV]
2. A metal gives out free electrons per atom, The density of the metal 19-3 g cm™ and atomic
weight of the metal is 197. Calculate the fermi energy,
Hint. A=197 gmol™, p=2

[ Ans, 141 x 10783
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questions by selecting either one question from each Unit or by selecting fwo questions
from any one Unit and remaining fwo questions from two different Units out of remaining
three Units.

(Compulsory Question)

1. (a) What do you mean by Canonical ensemble ?

[

] (b) What is the difference between macrostate and a microstate ?

o

(¢) What do you understand by Brownian motion ? Explain.

2

(d) What do you mean by transport phenomenon ? Explain it with example.

"~

(e) What do you mean by negative temperature ? Explain.

[

(/) What do you mean by Position space ?

(]

(g) What are fermions and bosons ? Give examples.

[§*)

(h) What are the differences between electron gas and ordinary gas ?
UNIT-I

2. (a) What is meant by thermodynamic probability of a macrostate ? What s the relation between

thermodynamic probability and probability of a macrostate ? 6

(b) What is the thermodynamical probability for distributing and distinguishable particles in
two compartments ? Find the probability of macrostate and most probable macrostate. 10
3. Define Partition Function. Derive its relation with various thermodynamic quantities. 16
UNIT-1I
4. (a) Derive Maxwell’s speed distribution law. Find the expressions for most probable speed,
average speed and root mean square speed. 12
(b) Calculate root mean square speed and most probable speed of Hydrogen at 30 °C. Given
k=138 x 10723 JK! and mass of hydrogen molecule = 334 x 1077 ke. 4
5. (a) What do you mean by mean free path ? Derive an expression for it. 8
(b) Explain viscosity of a gas as transport phenomenon. How does viscosity of a gas vary

with temperature ? 8
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UNIT—III :
cc nine the number O phase spz

omentum space- Detert pace cay .
19

dp+dp-

P erval B and E + dE.

jon for Maxwell Boltzman ¢
0 lay, of

6. (a) Define phase space and m
al p an
a2 space cells i

9 Derive an express

the momentum intery: v
o the energy in¢

(b) Find the number of ph

7. What is Maxwell Boltzmann Statistics
16

distribution of molecular speeds.

UNIT—IV
nstein Statistics ? What are its assumption
16

7

s 2 Derive the Bo ;
se E‘“Slein

8. What is Bose Ei
distribution law.
9. (g) What is Fermi energy

() What are the differences between Bos
K 2 Explain.

o

2 Derive an expression for it.

o Binstein and Fermi Dirac statistics ?

(¢) Do electrons have zero energy at 0




