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Measure and Integration Theory

Time : 3 Hours Maximum Marks : 70

Note : Attempt Five questions in all, selecting one
question from each Unit. Q. No. 1 is

compulsory. All questions carry equal marks.

1 (a) Define measurable function. If / be a
measurable function defined on a set E,
then prove that the set E(f = «) is
measurable for each extended real number

a.
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(b)

(c)

(d)

(e)

¢9)
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Explain the measurability of function
f:10,1] = R:
1’'x O0<x<l

f(x)q 5 x=0
| 7 x=1

Prove that convergence  almost
everywhere (a.e.) implies convergence in
measure.

State monotone convergence theorem.
Explain with an example that monotone
convergence theorem need not hold good

for decreasing sequence of functions.

Define Lebesgue point. Prove that every
point of continuity of an integrable

function /' is a Lebesgue point of f.

If r\uc and f (x) > 0 on E, then

=0 ae.
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(8)

(a)

(b)

Define Classical L.P-space. l.et E = (0,0)
and the function f:E — R defined by

1
== . mrﬁAm fi
S(x) .S:Ib then / ) for
each p,2<p<wo,

Unit I

Let E be a measurable set with
m(E)<w. If {f,} be a sequence of
measurable functions on E and f be a
measurable function such that £, (x) - f
on E then given ¢ > 0 and § > U there
is a measurable set A - E with
m(A) < § and an integer N such that :
| fu(x)— f(x)|<e forall x € E — A and
all n > N.

If f is a measurable real valued function
On a measurable set E and g be a function
defined and continuous in the range of f

then (gof) is a measurable function on E.
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3. (a)

(b)

4. (a)

(b)
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It {/,} 1s a sequence of measurable

functions which is fundamental in

measure, than there exists a measurable

function f such that {/,,} converges in

measure to f.

Define convergence in measure. State and
Prove F. Riesz theorem for convergence

In measure.

Unit I1

A bounded function f defined on a

measurable set E of finite measure is

Lebesgue integrable iff f is measurable.

State and prove Fatou’s Lemma.

Let / be a non-negative function which
is integrable over a set E. Then given

€ > 0 there is a § > 0 such that for

every set A E with m(A) < §, we

have J-Af<8.

7. (a)

(b) State and prove Lebesgue dominated
convergence theorem.

Unit 111

(a) State and prove Vitali covering theorem.

(b) A function f defined on [q, b] is of
bounded variations iff it can be expressed
as a difference of two monotonic
increasing functions on [a, b).

Let f be bounded and measurable
function defined on [a, 5] If

F(x) = [ f(t)dt + F(a), then F'(x)= f(x)

a.e. on [a, b].

(b) If fis a absolutely continuous function
on [a, b] then fis of bounded variation
on [a, b].

Unit IV

8. (a) The normed space X is complete iff every

absolutely ~summable sequence 13
summable.
P.T.0.
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(a)

let B pe a meacvrable szt

m(E) < o. Then L9(E) < LNE;

each p with 1 < p < ~. Furthermore, if

fel™(E), hen || fllo= T il fli,.

p—>R
Morcover, expiain with an example that

the abovc result is not true for 72(E) =

(“

iate and piove Riesz representation
theorem.

Piove that th: normed space L'

/‘ ( »" :, ‘-\\ ;f" (\,‘."'\-'-‘,1‘,-.



